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Kerker effect, superscattering, and scattering dark states in atomic antennas
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We study scattering phenomena such as the Kerker effect, superscattering, and scattering dark states in a
subwavelength atomic antenna consisting of atoms with only electric dipole transitions. We show that an atomic
antenna can exhibit arbitrarily large or small scattering cross sections depending on the geometry of the structure
and the direction of the impinging light. We also demonstrate that atoms with only an electric dipole transition
can exhibit a directional radiation pattern with zero backscattering when placed in a certain configuration. This
is a special case of a phenomenon known as the Kerker effect, which typically occurs in the presence of both
electric and magnetic transitions. Our findings open a pathway to design highly directional emitters, nonradiating
sources, and highly scattering objects based on individually controlled atoms.
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I. INTRODUCTION

Scattering is a fundamental phenomenon in light-matter
interaction, and the scattering cross section is a measure to
describe how strongly an object interacts with incident pho-
tons [1]. The ability to manipulate and control scattering is
an important research goal in optics and atomic physics. In
nanophotonics, the scattering can be controlled by engineer-
ing the geometry of the optical antennas as the canonical
elements of the interaction [2]. In particular, it has been
shown that engineered nanoparticles can exhibit remarkable
scattering phenomena such as directional radiation patterns
with zero backscattering known as the Kerker effect [3—6], the
scattering dark state [7-9], and superscattering [10—12]. To
observe these phenomena, the nanoparticles are designed to
support not only an electric dipole but also a magnetic dipole
and higher-order multipoles. The underlying physics of these
scattering phenomena can be understood from the interference
among the scattered fields of all the induced multipole mo-
ments [3-17].

With the recent developments in manipulating and con-
trolling single atoms and quantum emitters, a new class of
subwavelength antennas consisting of quantum emitters have
been employed in the past decades to control light-matter
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interaction at the atomic scale [18—41]. Here, it should be
borne in mind that atoms arranged in a subwavelength struc-
ture interact with the radiation field cooperatively [42-45].
Hence, although the canonical elements of these systems re-
main atoms with only electric dipole transitions, it turns out
that the entire structure can be modeled as a single antenna
that effectively exhibits both electric and magnetic multipoles
[38,39] and thus enables the control of light scattering (see
Fig. 1).

In this paper, we treat the situation of a few atoms in
simple geometries and show that the scattering of the struc-
ture can be significantly different from the scattering of the
individual atoms (see Fig. 1). Each atom supports only an
electric dipole transition with a maximum scattering cross
section of 31%/2m [46-49]. Using the multipole expansion
[14-16], the effective electric and magnetic multipole mo-
ments of the atomic antenna can be found from the induced
current J(r, w). By employing these multipole moments, we
show in the following that it is possible to tailor the scattering
of the structure to achieve extremely large or small scattering
cross sections (the so-called superscattering and scattering
dark state, respectively), as well as the Kerker effect. Our
proposed antennas can be realized experimentally using the
available experimental methods in cold atom manipulation
[37,40].

II. ATOMIC ANTENNA IN THE
WEAK-EXCITATION LIMIT

The atoms in Fig. 1 are modeled as two-level systems
and are arranged such that the overall size of the antenna is
smaller than the wavelength of the incident light. We assume
an isotropic and linear atomic response, i.e., a weak excitation
such that the atomic transition is far below the saturation limit.
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FIG. 1. Main idea of this work. Sketch of an atomic antenna
composed of a few atoms with only electric dipole transition mo-
ments. The overall size of the antenna D is smaller than the
wavelength of light. The induced polarization current J(r, ) of the
antenna can be found from the induced dipole moment of the atoms,
p(r;) placed at r;. The induced current is decomposed into multipole
moments which are used to control the scattering cross section of the
structure. The excitation and the position of the atoms can be tailored
to achieve arbitrary induced electric and magnetic multipoles. Thus
it is possible to control the scattering and achieve scattering dark
states, superscattering, and the Kerker effect. The maximum scat-
tering cross section of a single atom, 3A%/2m, is considered as the
measure.

Therefore the electric polarizability of each atom amounts
to a(w) = —(apl9/2)/(8 + iT/2), where g = 67 /k> (k is
the wave number of the resonant light), Iy is the radiative
decay rate of the atomic transition at frequency w,, and § =
w — w, K o, represents the frequency detuning between the
illumination and the atomic resonance [47,50]. The antenna is
illuminated by a plane wave Ei,.(r) = Ege’*Tex propagating
in the Kk direction, where ez is the unit vector in the electric
field direction and Ej is the electric field amplitude. The
extinction cross section is defined as

Zlm p(ry) - B (), )

ext

|E ol Eo? &

where * indicates the complex conjugate and p(r;) is the
induced dipole moment of the ith atom. The optical theorem
indicates that for atoms without any nonradiative transitions,
the extinction and scattering cross sections are identical, i.e.,
Csca = Cext [47,51]. The dipole moment of the atoms can
be calculated from the following coupled-dipole equations
[52,53]:

N
P(l‘i)=€00!(Einc(l‘i)+ 3 G(m,-)p(r,-)), )

=L

where G(r;, r;) is Green’s tensor [54,55]. Equation (2) can be
solved numerically for an arbitrary geometry of the atoms and
the driving field. We note that this theoretical model captures
the essence of the experimental results for cold atomic arrays
[37].

III. SUPERSCATTERING

In general, the maximum scattering cross section of an

isotropic scatterer is Cr; = (2j + 1)%, where j is the or-

der of the multipole; e.g., j =1, 2, and 3, for dipoles,
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FIG. 2. Superscattering. Maximum scattering cross section of N
atoms normalized to A% /27 as a function of the distance between the
atoms /. The gray line shows the maximum scattering cross section
for N noninteracting atoms, i.e., N X l . The geometry of the atoms
and the driving field is shown in the 1nset The maximum scattering

occurs at different frequency detunings for each /.

quadrupoles, and octupoles, respectively [10,11]. For exam-
ple, the maximum scattering cross section of a single dipolar
scatterer (such as the two-level atom considered in this paper)
occurs at the resonance frequency and is limited to 3A%/2m
[48,56]. However, it is possible to engineer the structure of
the scatterer to align the resonance frequencies of differ-
ent multipoles and thus enhance the scattering cross section
dramatically [10,11]. Here, we show that a particular ar-

rangement of N atoms can exhibit a scattering cross section

significantly larger than N x %, although each individual

atom supports only an electric dipole transition.

Consider N atoms equally placed on the z axis and illu-
minated by an x-polarized plane wave propagating in the z
direction as shown in the inset of Fig. 2. By using Eqgs. (1)
and (2), we plot the normalized maximum scattering cross
section as a function of the distance between the atoms I.
At large atomic separations, i.e., [ > X,, the atoms are nearly
noninteracting, and the maximum cross section is limited to

N x 3= (see the gray line in Fig. 2). However, the atomic
antenna exhibits superscattering at one particular atomic spac-
ing, / ~ 0.2),. Notably, the maximum scattering cross section

for N =5 is approximately 15 x 5~. We note that an even
larger scattering cross section for 2 subwavelength atomic
antenna can be achieved with a three-dimensional (3D) atomic
arrangement (see Appendix B for details).

In order to understand the nature of this enhancement in
the scattering cross section, we examine the case of an atomic
tetramer with N =4 [see the inset of Fig. 3(a)]. The nor-
malized scattering cross section as a function of frequency
detuning and distance / is shown in Fig. 3(a). The tetramer
exhibits four modes [Fig. 3(b)]. M, is a superradiant mode,
where all dipoles oscillate in phase, and exhibits a large
linewidth compared with the natural linewidth of an isolated
atom [25,42-45]. In contrast, M, is subradiant with a very
narrow linewidth.

Figure 3(c) shows the normalized scattering cross sec-
tion as a function of frequency detuning for / = 0.2},
and the contribution of each multipole moment to the
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FIG. 3. Superscattering in a tetramer. (a) Scattering cross section normalized to A? /27 and shown in logarithmic scale. Inset: illustration of
an atomic tetramer placed at ry , = +I/2e;, r3 4 = £3[/2e,. (b) The tetramer exhibits four modes, M, to M,. Total magnetic field distribution
H, at wss, normalized to the incident magnetic field Hy. (c) Normalized scattering cross section of different electric and magnetic multipole
moments as a function of frequency detuning for / ~ 0.24,. ED (MD), EQ (MQ), EO (MO), and EH (MH) indicate the electric (magnetic)
dipole, quadrupole, octupole, and hexadecapole moments, respectively. (d) and (e) Real part of the normalized total electric field distribution
ET (the x component) and normalized scattered field distribution |E.| at wss, respectively (see the angle-dependent scattered power in

Appendix B).

scattering cross section. Remarkably, the maximum scattering
cross sections of different multipoles occur approximately at
the same frequency, which is labeled by wsgs in Fig. 3(c). The
total scattering cross section is a superposition of the cross
sections associated with effective electric and magnetic dipole,
quadrupole, and octupole moments. Therefore the scattering
cross section of the tetramer far exceeds the scattering cross
section of a single atom. The strong magnetic field in Fig. 3(b)
testifies to the induced magnetic multipolar response at wss.
Using Eq,(r) = Zf’:  G(r, r;)p(1;), the scattered and the to-
tal (sum of incident and scattered) fields of the atomic antenna
in free space can be calculated at r. Figures 3(d) and 3(e) show
the scattered and total field distribution at the superscattering
frequency wss. The scattering field is very large even at the
far field of the tetramer (>>1), and the total field is strongly
perturbed [Fig. 3(d)]. Therefore a higher extinction can be
achieved compared with that of a single atom [48,57].

IV. SCATTERING DARK STATES

While each atom is excited close to the resonance and
scatters the photons individually, it is possible, in some certain
conditions, to achieve a negligible overall scattering from the
structure. This phenomenon, known as the scattering dark
state (SDS), has been investigated in nanoparticles [7-9]. In an

SDS, the current distribution, and hence the electromagnetic
field, is nonzero or even very large in the vicinity of the
structure. However, similar to a nonradiating source [7], the
current distribution does not radiate to the far field. Therefore
such a structure becomes invisible under the conditions of an
SDS [9]. Here, we study scattering dark states in an atomic
antenna with a nonzero induced current and very large near
fields. Consider an atomic trimer placed on the x axis and
illuminated by an x-polarized plane wave propagating in the
z direction [shown in the inset of Fig. 4(a)]. The extinction
cross section of the atomic trimer can be calculated using
Cext = k Im(otgym ), Where gy, reads as (see Appendix C)

3

Qsum = E a =o

i=1

€a(By —4p1) —3
e (2epa B + p2) — 1

3

and where «; is the effective electric polarizability of each
atom at its position. B; = G}3(kl) and B, = G}3(2kl) are
components of Green’s tensor (see Appendix C). The nor-
malized scattering cross section as a function of frequency
detuning and distance between the atoms [ is plotted in
Fig. 4(a). The trimer can support multiple modes. How-
ever, only two modes can couple to the driving plane
wave. These modes are subradiant and superradiant modes
[18,19,21,22,24,25,42-45] and are labeled by M; and M,
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FIG. 4. Scattering dark state as a nonradiating source. (a) Scattering cross section (normalized to A?/27 and shown in logarithmic scale)
as a function of frequency detuning and the distance between the atoms /. Inset: schematic drawing of an atomic trimer composed of atoms at
r; 3 = Fle,, r, = 0 and the plane-wave excitation. (b) Normalized scattering cross section as a function of frequency detuning for / = A,/15.
The dashed line shows the contribution of the electric dipole moment. The trimer exhibits two modes M, and M, when illuminating by a plane
wave. (c) Real and imaginary parts of the induced dipole moment of each atom as a function of frequency detuning. At wsps, the individual
atoms have nonzero dipole moments. (d) Real part of the normalized total field distribution E;* at the frequency of the scattering dark state
wsps. (¢) Normalized scattered field distribution |E,| at wsps (shown in logarithmic scale).

in Fig. 4, respectively. Figure 4(b) shows the normalized
scattering cross section as a function of frequency detuning
for I = XA,/15. At the scattering dark state, wsps ~ 28.5T,
the trimer is transparent, and we observe that the scattering
cross section is significantly suppressed by five orders of mag-
nitude compared with the on-resonance excitation. Therefore
the trimer becomes invisible to the incident field at the scat-
tering dark state as the scattered field of the atoms interferes
destructively in the far field. By using a multipole expansion
of the induced current at r = 0, we show that the atomic trimer
supports only an electric dipole moment, i.e., pLy ~ €0EoQsum
[Fig. 4(b)], and all the higher multipoles are negligible (see
Appendix C). Note that at wsps all the effective multipole
moments vanish, which is the condition for the SDS [7]. While
the scattered field is nearly zero, the induced dipole of each
atom and the induced current are not negligible as shown in
Fig. 4(c).

At the transparency frequency wsps, we observe an
extremely small perturbation to the incident plane wave
[Fig. 4(d)]. Remarkably, the field distribution at wsps implies
that the electromagnetic field generated inside the scatterer is
nonzero, and indeed, it is one order of magnitude larger than
the incident electric field [Fig. 4(e)]. At wsps, the induced cur-
rent of the trimer is a nearly nonradiating source. In Appendix
C, we investigate antennas consisting of a larger number of

atoms. We show that for an antenna with n excited modes
there are n — 1 scattering dark states. In other words, only
one resonant mode radiates, while the other resonances do
not radiate because of vanishing induced multipole moments
[7,9]. This effect is reminiscent of the situation of optical
cavities [58]. Note that the scattering dark states depend on
the geometry of the atomic antenna and the polarization of the
impinging light.

V. KERKER EFFECT

An atom or a scatterer with only an electric dipole tran-
sition has an omnidirectional radiation pattern, i.e., scatters
lights in both forward and backward directions. However,
a Huygens’ scatterer, a scatterer with balanced electric and
magnetic dipole moments, can exhibit a directional radiation
pattern with zero backscattering. This effect is also known
as the first Kerker condition [3]. The directional radiation
with zero backscattering relies on constructive and destructive
interference of the scattered field of the induced electric and
magnetic dipole moments in the forward and backward di-
rections, respectively. The Kerker condition has been studied
in engineered high-index dielectric and metallic nanoparticles
[3,5]. In the following, we show that an atomic trimer in an
equilateral triangle configuration [see the inset of Fig. 5(a)]
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FIG. 5. Kerker effect. (a) Total scattering cross section normalized to A2/27 as a function of the distance between the atoms. The inset
illustrates an atomic trimer in an equilateral triangle composed of atoms at r; , = +//2e, — %l e, r; = ?lez. (b) Normalized total magnetic
field distribution at wg. The trimer exhibits two modes M, and M,. (c) Real and imaginary parts of the induced electric py; and magnetic
my; dipole moments calculated from Eq. (4). The Kerker condition is met at wx where the real and imaginary parts of the induced dipole
moments satisfy the condition p; = m/c, independently. (d) Normalized forward-scattering (red line) and backward-scattering (blue line)
cross section at / = 0.1A, calculated from Eq. (5). Inset: the radiation pattern at the Kerker condition, which shows zero backward scattering.

can satisfy the first Kerker condition, although the con-
stituent atoms support only an electric dipole transition. The
normalized scattering cross section as a function of frequency
detuning and the distance between the atoms / is shown in
Fig. 5(a). The trimer exhibits two modes as shown with M,
and M, in Fig. 5(b). We will show below that the M, mode
exhibits a strong magnetic response induced by the electric
current, i.e., J(r, ) [see the magnetic field enhancement in
Fig. 5(b)] and satisfies the Kerker condition. By decreasing
the distance /, the separation between the two modes increases
because of the strong near-field coupling.

To understand the underlying physics of the Kerker con-
dition, we note that the proposed structure supports both
effective electric and magnetic dipole moments, which are
given by (see Appendix D)

Pie = (207 + P3)jo(w) + L(5p% — 2p3) jo(w),

"
= el - P 4 VErRw] @

Mgy
where j,(u) are spherical Bessel functions, u = 3kl /3,
and ¢ is the speed of light in vacuum. pj, and p5 are
the electric dipole moments of the individual atoms, along
the x and z axes, and are calculated from Eq. (2). Note

that in the derivation of Eq. (4), we used pj = p; and
p§ = —p} due to the symmetry of the trimer (see Appendix

D). Then, the forward- and backward-scattering cross sec-
tions for this atomic antenna can be calculated from (see
Appendix D)

Cuea = K|l £ /[’ (dm e Binc ), (5)
where + and — are used for forward- and backward-scattering
cross sections, respectively. Equation (5) shows clearly that
the first Kerker condition is fulfilled when pl; = m;/c. Fig-
ure 5(c) plots the real and imaginary parts of the effective
electric and magnetic dipole moments. It can be seen that at
the Kerker frequency wg, both the real and imaginary parts of
the induced dipole moments satisfy the Kerker condition inde-
pendently. Hence, at wi, the forward scattering is significantly
enhanced, while the backward scattering is considerably sup-
pressed [see Fig. 5(d)]. We note that the generalized Kerker
effect with balanced electric dipole and quadrupole moments
can be achieved using a 3D atomic antenna (see Appendix E).

A subwavelength ensemble of randomly distributed atoms
scatters less than a single atom close to resonance [59]. How-
ever, we showed that by arranging the atoms in particular
geometries, one can control scattering to achieve extremely
small or large scattering cross sections, the so-called scat-
tering dark state and superscattering, respectively. Moreover,
we demonstrated that a particular geometry of the atoms ful-
fills the Kerker condition and scatters light in the forward
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direction. We showed that these geometries exhibit higher-
order electric and magnetic multipole moments, although the
individual atoms support only electric dipole transitions. We
have employed these induced multipole moments to con-
trol the scattering. The treatment used in this paper is an
excellent approximation to the full quantum model in the
weak-excitation regime. Therefore our considerations can also
be realized in the quantum regime and pave the way towards
the generation and manipulation of photonic quantum states,
e.g., realization of single-photon emitters [60,61] and quan-
tum memory [62,63].
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APPENDIX A: ATOMIC POLARIZABILITY AND
COUPLED-DIPOLE EQUATIONS

Let us consider an atomic antenna composed of natural
atoms with only electric dipole transition moments and illu-
minated by a plane wave (see Fig. 1). The atoms are arranged
at small distances such that the entire size of the antenna
is smaller than the wavelength of the light, i.e., D < A. We
consider the weak-excitation limit where the atomic response
is isotropic and linear. The electric polarizability of each atom
amounts to a(w) = —(aplo/2)/[6 + i(Ty + I'nr)/2], where
I'p is the radiative linewidth of the atomic transition at
frequency w,, 8, = w — v, K w, represents the frequency
detuning between the illumination and the atom, and oy =
6 /k3 (k is the wave number) [46,47]. We assume elastic
scattering events, and therefore the nonradiative decay rate is
zero, i.e., 'y, = 0. The induced polarization current density
for the atomic antenna can be written as

N
J(r, 0) = —iw ) pr)s(r —r),

i=1

(A)

where § is the Dirac delta function and p(r;) is the induced
electric dipole moment of the ith atom placed at r = r; (see
Fig. 1). In Eq. (Al), we assumed e ™' as a time-harmonic
variation. The induced dipole moment of the ith atom p(r;) =
€oaEjoc (r;) can be obtained by using the coupled-dipole equa-
tions [38,52,53]

p(r) = €oct; [Emc(ri) +Y G, r,~>p<r,-)}, (A2)

i#j
where Ei,.(r;) is the incident field at the atom position r;,
«; is the atomic polarizability, and ), ” jG(r,-, r;)p(r;) is the
interaction field at r = r; created by all the other atoms. The
total field at the position of the ith atom Ej..(r;) is the sum
of the incident field and the scattered field from the other

atoms. The electric dipole at position r; radiates an electro-
magnetic field which when measured at r; can be calculated
from G(r;, r;)p(r;), where G(r;, r;) is Green’s tensor and
reads as [54,55]

Gy, 1)) == (@1 + ga(@mnl.  (A3)
Q€Q
where I is the identity dyadic, n= ﬁ, and ¢ =

|k(r; —r;)|. The Cartesian components of Green’s tensor are

given by

ne
§2

G"(¢) =

26(060 ] ’ (A4)

e [gﬂ;)a,w + £2(¢)

where

(AS5)

and where u, v € x, y, z.

For atoms with zero nonradiative decay ', = 0, we get
Im[1/a] = —1/ap. Using conservation of energy, one can
show that the scattered power is equal to the extracted power
Psca = Pexi. Thus the scattering cross section and the extinc-

tion cross section of the atoms are identical, Cs., = Cex, and
the extinction cross section reads as [38,47,49,53]
k N
= ——— ) Im[p(r) - E; ()], (A6
ext 60|EO|2 ; p 1 Inc 1 )

where the extinction cross section Cexy = Pex /I is defined as
the ratio of the extracted power Pex; to the incident intensity /.

APPENDIX B: SUPERSCATTERING

In this appendix, we study superscattering in one-
dimensional and three-dimensional subwavelength atomic
antennas.

1. One-dimensional subwavelength antenna

Let us consider an atomic pentamer with N = 5 [see the
inset of Fig. 6(a)]. The normalized scattering cross section
as a function of frequency detuning w — w, and distance [
is shown in Fig. 6(a). The pentamer exhibits five modes [see
the inset of Fig. 6(a)]. M, is a superradiant mode, where
all dipoles oscillate in phase, and exhibits a large linewidth
compared with the natural linewidth of an isolated atom.
In contrast, Ms is subradiant with a very narrow linewidth.
Figure 6(b) shows the normalized scattering cross section
as a function of frequency detuning for Iss &~ 0.24, and the
contribution of each multipole moment to the scattering cross
section. The maximum scattering cross sections of different
multipole moments occur, approximately, at the superscat-
tering frequency wss. The total scattering cross section is a
superposition of the cross sections associated with effective
multipole moments. Therefore the scattering cross section of
the pentamer far exceeds the scattering cross section of a
single atom. Figures 6(c) and 6(d) depict the induced dipole
of each atom. At wss, the induced dipole moment of each
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FIG. 6. Superscattering in a pentamer. (a) Scattering cross section normalized to A2/27 and shown in logarithmic scale. The inset illustrates
the atoms placed at r; s = F2le,, r, 4 = Fle,, r; = Oe,. (b) Normalized scattering cross section of different electric and magnetic multipole
moments as a function of frequency detuning for /ss = 0.2),. ED (MD), EQ (MQ), EO (MO), EH (MH), and ET (MT) indicate the electric
(magnetic) dipole, quadrupole, octupole, hexadecapole, and triakontadipole moments, respectively. (c) and (d) Real and imaginary parts of the
induced dipole moment of each atom as a function of frequency detuning at /ss. (e) Total magnetic field distribution H, at wss, normalized
to the incident magnetic field Hy. (f) and (g) Real part of the normalized total electric field distribution E* (the x component) and normalized

scattered field distribution |Eg,| at wss, respectively.

atom is at resonance. Each dipole is out of phase with respect
to neighboring atoms, which explains the strong magnetic
field in Fig. 6(e). This strong magnetic field testifies that the
pentamer exhibits an induced magnetic multipolar response at
wss. Figures 6(f) and 6(g) show the scattered and total (sum of
incident and scattered) field distribution at the superscattering
frequency wss. The scattering field is very large even at the far
field of the pentamer, and the total field is strongly perturbed.
Therefore a higher extinction can be achieved compared with
that of a single atom.

2. Three-dimensional subwavelength antenna

In the main text, we discussed superscattering from a
one-dimensional array of atoms. In this section, we con-
sider superscattering from higher-dimensional subwavelength
atomic structures and show that even larger scattering cross
sections can be achieved compared with the one-dimensional
antenna. Figure 7 shows the scattering cross section normal-
ized to A?/27 as a function of frequency detuning for different
layers of 2 x 2 atoms. N; is the number of layers. It can be
seen that the scattering cross section of the 3D structure is

significantly larger than that of a single atom, e.g., Ci2* ~

28 x 32—’;2 for Ny = 4 although the 3D antenna is composed of
N = 16 atoms (see the inset of Fig. 7).

Figure 8(a) shows a three-dimensional subwavelength
antenna composed of N = 12 atoms, i.e., Ny = 3. The normal-

ized scattering cross section of the 3D antenna as a function
of frequency detuning and the contribution of each multipole
moment to the scattering cross section is shown in Fig. 8(b).
The total scattering cross section is a superposition of the
cross sections associated with effective multipole moments.
At wss, the antenna exhibits a strong electric and magnetic

120

100

80

60

Csea(N2/27)

40

FIG. 7. Superscattering in a three-dimensional subwavelength
antenna. Scattering cross section normalized to A%/27 as a function
of frequency detuning w — w, for different layers of 2 x 2 atoms, i.e.,
N, =1,2,3,4 (see insets), where [, =1, = 0.8, and [, = 0.24,.
Note that the size of the antenna is smaller than the wavelength
[l Iy, (Ny — 1) x I, < A]. The insets illustrate the three-dimensional
subwavelength antenna for Ny = 1 and N; = 4.
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FIG. 8. Superscattering in a three-dimensional subwavelength
antenna, N; = 3. (a) A three-dimensional subwavelength antenna
composed of N =12 atoms (N, = 3), where [, =/, = 0.8X, and [, =
0.2A,. (b) Normalized scattering cross section of different electric
and magnetic multipole moments as a function of frequency detun-
ing. ED (MD), EQ (MQ), EO (MO), EH (MH), and ET (MT) indicate
the electric (magnetic) dipole, quadrupole, octupole, hexadecapole,
and triakontadipole moments, respectively. (c) and (d) Real part of
the normalized total electric field distribution E;* (the x component)
and normalized scattered field distribution |Eg,| at wss, respectively.

response, which leads to a very large scattering cross section
C'¥X ~ 20 x % Figures 8(c) and 8(d) show the scattering

sca
and total (sum of incident and scattered, x component) field
distribution at the superscattering frequency wss. The scatter-
ing field is very large even at the far field, and the total field is

strongly perturbed [Fig. 8(c) and 8(d)].

3. Angular dependence of scattered power

In this section, we study the angular dependence of
scattered power for one-dimensional and three-dimensional
subwavelength antennas. Figure 9(a) shows the normalized
scattered power as a function of angle in the xz plane at the
superscattering frequencies for a one-dimensional subwave-
length antenna for different numbers of atoms, N = 2, 3, 4, 5.
By increasing the number of atoms, the backscattering cross
section (6 = 180°) decreases for a larger number of atoms. A
similar result is shown in Fig. 9(b) for the three-dimensional
subwavelength antenna.

normalized radiated power

E e (b)
g —N, =1 ° o'\%:
208F —N,=2 ° ° 7
5 N, = PN
E 06k —N, =4 lzI. o-0-9 |
E oo oo
-
= 04F () Y E
8 k,
= Ny =4 E,
g 02} 1
—
3
"0

0 90 180 270 360

angle(degrees)

FIG. 9. Normalized scattered power as a function of angle in
the xz plane at the superscattering frequencies: (a) one-dimensional
subwavelength antenna, where [ = 0.24, and (b) three-dimensional
subwavelength antenna, where [, = I, = 0.84, and [, = 0.2A,.

APPENDIX C: SCATTERING DARK STATES
1. Atomic trimer

In this section, we derive effective multipole moments of
an atomic trimer and its scattering cross section. The atomic
trimer is placed on the x axis with atoms at r; 3 = £le,, r, =
0 and is illuminated by an x-polarized plane wave propagating
in the z direction [see the inset of Fig. 4(a)]. The induced
displacement volume current density for the atomic trimer can
be written as

3
Jr, o) = —iw Y pis(r — ey, (C1)
i=1

where the induced electric dipole moment of each atom can
be calculated using the coupled equation [Eq. (A2)] and read
as

o= oot eoafr + 1

= = —¢€p

! 3 E()Ol(2€()0l,312 + /32) —1
€[ —2B1] — 1

= €y Ey,
Py = o o (2e0a Bl + B2) — 1 0

0,

(€2

where p} = pj due to the symmetry [see the inset of Fig. 4(a)]
and B; and B, are defined by

[

B = Gi5(¢ =kl) = e gy (kD),

20[060

A 3
2 G =2%]) = ——
B2 ;3¢ ) e

el g  (2k). (C3)
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FIG. 10. Scattering dark state as a nonradiating source. (a) and (c) Scattering cross section (normalized to A2/2m and shown in logarithmic
scale) as a function of frequency detuning and the distance between the atoms / for a pentamer (N = 5) and a heptamer (N = 7), respectively.
Insets: schematic drawings of the antenna and the plane-wave excitation. (b) and (d) Normalized scattering cross section as a function of
frequency detuning for / = 4,/15, for a pentamer and a heptamer, respectively.

Using Egs. (A6) and (C2), we obtain the scattering cross
section of the trimer [i.e., Eq. (3) of the main text]:

3
k
Csca - Cex = ———Im piE;;c(ri)
" eolEl? [Z

i=1
€oa(for —4p1) — 3 }
e (Repafi + p2) — 1]

=HmP (C4)

Note that for atoms with zero nonradiative decay, the scatter-
ing cross section and the extinction cross section of the atomic

antenna are identical, Cycy = Cexs.

2. Multipole expansion at the center of the atomic trimer

One can consider the trimer as a single antenna, effectively.
The induced effective electric dipole moment of the trimer can
be obtained using the multipole expansion at the center of the
trimer, i.e., r = 0, and reads as [14-16]

1 .
pfff = —E{/dvjﬁjo(kr)

k* 2, 1J2(kr)
—i-?/dv[?a(r-J)rﬁ —-r J,g] ) }, (C5)

r2

where J is the induced displacement volume current in
Eq. (C1) and dv is the volume integral dv = dxdydz in Carte-
sian coordinates. 8 = x,y, z and j,(kr) are spherical Bessel
functions. Now by substituting Eq. (C1) into Eq. (C5), we get

(peff = pszex)

1
Degp = —%{/ijo(kr)dv

2 .
+%/dv[3(r Dx — 2] “(kr)}

(kr?

2
=—i/hbﬂﬂ+1@i—Qhwﬂm
iw 2\ 2

= [P} + P3]Ljo(kD) + j2(kD)] + P}
€oafr —2epaf — 1
ot [2€00B? + o] — 1
(€oafi + Dljo(kl) + ja (k)]
€0 [26006,312 + ,32] -1
Note that all the higher-order multipoles are negligible for

kl <« 1. Using Eq. (A6), we calculate the extinction (scatter-
ing) cross section of the trimer

= 6005EQ

—26()OlE0 (C6)

k X
Csea = Cext = mlm[PeﬂE:w(l‘ = O)]
—481) -3
~ klm[a oo (P — 4P } C7)
eoa(Zeoaﬂl + /32) -1

Clearly, Eq. (C7) is identical to Eq. (C4), and one can con-
clude that the trimer only exhibits an effective electric dipole
moment for kI < 1. In Eq. (C7), we used the long-wavelength
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approximation, i.e., kI < 1, where the spherical Bessel func-
tions can be approximated by jo(kl) ~ 1 and j,(kl) = 0. Thus
the induced electric dipole moment can be written as (pg; ~

6OEVOO(sum)
€oa(fr —4p1) —3
6005[26()06,312 + ,32] —1

Pegp ™ €0aEp (C8)

3. Atomic pentamer and heptamer

Here, we investigate scattering dark states in one-
dimensional antennas consisting of a larger number of atoms:
a pentamer and a heptamer with five and seven atoms, respec-
tively [see the insets of Figs. 10(a) and 10(c)]. The scattering
cross sections of the atomic pentamer and heptamer are plot-
ted in Figs. 10(b) and 10(d), respectively. An antenna with n
excited modes exhibits n — 1 scattering dark states [see, e.g.,
Figs. 10(b) and 10(d)]. For example, the heptamer exhibits
four modes with three scattering dark states with vanishing
Cross sections.

APPENDIX D: KERKER EFFECT
1. Atomic trimer in an equilateral triangle configuration

In this section, we derive Eq. (4) of the main text, i.e., the
induced electric and magnetic dipole moments of an atomic
trimer in an equilateral triangle [see the inset of Fig. 5(a)].
Here, we consider an atomic trimer in an equilateral tri-
angle configuration consisting of three identical atoms with
an electric polarizability « placed at ry, = £//2e, — ‘?lez,

r; = ‘?l e;. The trimer is illuminated by an x-polarized plane
wave propagating in the z direction [see the inset of Fig. 5(a)].
The induced volume current density for the trimer is

3
J(r, 0) = =iy pi(r)s(r —r;)
i=1
= —iow[p}8(r — 1) + p38(r — r2) + PiS(r —r3)]e,
—iw[pi8(r — 1) + p38(r — )], (D1)

where p| = p} and pj = —p5 due to the symmetry of the
trimer.

2. Induced dipole moments

First, let us start by introducing the Green’s function of the atomic trimer [see the inset of Fig. 5(a)]

B (G 0 0] [e1+%2 0 0
Gp=|0 G 0 |= e g 0],
2z 20(080
0 0 GH| 0 0 g
_ Jen o 6y B
Gs=|0 G 0 |= ek 0 g1 0 ,
X7 2T 2“080 ﬁ 3
G300 G5 | -2 0 g+ %
_ fom o oy REEE
Gy=|0 G 0 |= M0 g1 0 , (D2)
Xz ZZ 205()80 V3 3
1[Gy 0 G 0 g+ %
where g, = g;(kl) and g, = g»(kl) and are given by
(k) = < Lo Ly )
SV =\ T wy T wnt)
(kl)—( Ly 3 S ) (D3)
V=T Ty T wn)

Using the coupled-dipole equations [Eq. (A2)] and Green’s tensor [Eq. (D2)], we obtain the induced electric dipole moments

of each atom:

X Ey .
pi=pi= soaB[ngaszgz —g0a Gy, —

N _i3
0G5 (1 + goaGp)e’ K — 1]e "5 M,

E ! A 3
Py = —eanO(l + 800G [2600G + (1 — saG3)e T M e 51,

s =~ = a0 o [e0a G 2600 G + (1 = eoaGig)e ¥4 e

(D4)

where D = 2650’ Gi5 (1 — £0aGiy) — (1 + 0aGYy)[1 — 02 (2GiY + G}3)1-
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3. Multipole expansion at the center of the atomic trimer

Alternatively, one can consider the trimer as an antenna.
The induced effective electric dipole moment of the trimer is
calculated by applying the multipole expansion at the center
of the trimer r = 0 using Eq. (C5) and pefr = plgex + pige..
Now by substituting Eq. (D1) into Eq. (C5), we get

x 1 . 1 .x2 .
Defr = _E/Jx Jo(kr)-i-z 3r—2 — 1) j2(kr) [dv

= i+ s+ il ()

+é[5p)f +5p —@é]h(?kl). (D5)

By using p] = p3, we get Eq. (4) of the main text:
Per = (207 + P3LioG) + 3[5P) = 2p3]n(w).  (D6)
where u = ‘/Tgkl. Note that using Eq. (D1) and pj = —p3, we

obtain

1 ) 1/.2° )
Pet = o /Jz|:]0(kr) + §<3r—2 — 1)]2(kr)j|dv =

Note that the y component of the electric dipole moment is
also zero, i.e., Ly = 0.

The induced effective magnetic dipole moment at the center
of the trimer r = O reads as [14-16]

3 k
mfff /dv(r X J)ﬁjll(c r)’

where 8 = x, y, z. By substituting Eq. (D1) into Eq. (D7), we

obtain
3 j1(kr)
nly = E/dv(r x J)yhkr

D7)

3
== ( Sy —J )Jl(kr)dv
4 é _ V3

=33+ 5 -n]i(5w)

33 3
+inc[p§ - pi]]’z(%“)
3

= E’C[(p’f — PH) +V3pspw)], (D)

which is Eq. (4) of the main text. Note that one can show
that the x and z components of the magnetic dipole moments
are zero, i.e., my; = 0 and mgff = 0. The induced multipole
moments of the trimer in Fig. 5 of the main text are calculated
using Eqgs. (D6) and (DS).

APPENDIX E: GENERALIZED KERKER EFFECT

In this Appendix, we study the generalized Kerker effect in
atomic antennas, which occurs among higher-order multipole
moments in addition to the dipole moment [5]. In the gen-
eralized Kerker effect, the destructive interference between
the scattered fields of different multipole moments leads to
zero backscattering. To explore this phenomenon in atomic
antennas, we study a three-dimensional antenna as shown in

(@) Le (b) 8 wg WGK WeK Wsps
o —o\b o
, ® °
—EQ
6
® ok 2 —-=Total
Tk, P
=
0° 8
(d) S

270 90°

180°
0
(e)
2701 Q %0°
wgk: ED + EQ
t60° (w— VJ‘, )/To

FIG. 11. Generalized Kerker effect. (a) Geometry of an antenna
made of eight atoms arranged in subwavelength distances, i.e., [, =
ly =1, = 0.1A,. (b) Normalized scattering cross section of different
electric and magnetic multipole moments as a function of frequency
detuning. (c) Normalized scattered power as a function of angle (xz
plane) and frequency detuning. (d) The radiation pattern at the first
Kerker condition with balanced electric and magnetic dipole mo-
ments. (e) The radiation pattern at the generalized Kerker condition
with balanced electric dipole and quadrupole moments.

Fig. 11(a). The normalized scattering cross section of the 3D
antenna and the angular dependence of scattered power are
shown in Figs. 11(b) and 11(c), respectively. Remarkably, the
antenna exhibits different scattering phenomena at different
frequencies: (i) the Kerker effect at wg [balanced electric and
magnetic dipole moments; see Figs. 11(b) and 11(d)], (ii) the
generalized Kerker effect at wgk [balanced electric dipole and
quadrupole moments; see Figs. 11(b) and 11(e)], and (iii) a
scattering dark state at wsps [vanishing electric and magnetic
multipole moments; see Fig. 11(b)]. Note that the generalized
Kerker effect occurs at two different frequency detunings.

APPENDIX F: RADIATION PATTERN

Having the induced multipole moments of the trimer, i.e.,
Egs. (D6) and (D8), the far field of an atomic antenna can be
found using [5,55]

k2 eikr
Egp = Dx(—singe, + cosfcospey ),
4JT60 r
k2 eikr :
Emp = — (—cosfsinge, + cospey),
dwey r ¢
k2 eikr ik
Ero = cosfsinge, — cos26cospe
S | ve, weq],
k2 ezkr ik
Emo = cos20singe, — cosfcosye
MQ = prp— 6cQ [ pe, peg],

(F1)

where r, 8, and ¢ are the radial distance, polar angle, and
azimuthal angle, respectively. The radiation pattern (< [E[%)
in the xz plane, i.e., ¢ = 0, considering the contribution from
all multipole moments (up to magnetic quadrupole), can be
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calculated using the electric field at the far field
k2 eikr

ik
E ~ {pxcosé? + o %Qﬁz(%osz@ —-1)
¢

ey 1
lk 1
—&QQ,COSG €. (F2)

For an atomic trimer with A >> [ at the M, mode, i.e., wg,
the electric and magnetic quadruple moments are negligible,

ie., 0y, ~0and o). ~ 0. Thus the radiation pattern (cx [E[%)
in Fig. 5(d) is mainly due to the electric and magnetic dipole
moments, and the electric field at the far field reads as

k2 eikr

ny
E~ [pxcose + —]e(,, (F3)
drey r c

where p, and m,, for the atomic trimer in Fig. 5 can be obtained
using Egs. (D6) and (DS), respectively.
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