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The utility of all parametric nonlinear optical processes is hampered by phase-matching requirements.
Quasi-phase-matching, birefringent phase matching, and higher-order-mode phase matching have all been
developed to address this constraint, but the methods demonstrated to date suffer from the inconvenience of
only being phase matched for a single, specific arrangement of beams, typically copropagating, resulting in
cumbersome experimental configurations and large footprints for integrated devices. Here, we exper-
imentally demonstrate that these phase-matching requirements may be satisfied in a parametric nonlinear
optical process for multiple, if not all, configurations of input and output beams when using low-index
media. Our measurement constitutes the first experimental observation of direction-independent phase
matching for a medium sufficiently long for phase matching to be relevant. We demonstrate four-wave
mixing from spectrally distinct co- and counterpropagating pump and probe beams, the backward
generation of a nonlinear signal, and excitation by an out-of-plane probe beam. These results explicitly
show that the unique properties of low-index media relax traditional phase-matching constraints, which can
be exploited to facilitate nonlinear interactions and miniaturize nonlinear devices, thus adding to the
established exceptional properties of low-index materials.
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The nonlinear optical response of materials is the
foundation upon which applications such as frequency
conversion, all-optical signal processing, molecular spec-
troscopy, and nonlinear microscopy are built [1–4]. When
light is generated by a parametric nonlinear interaction
(e.g., harmonic generation [5]), the propagation direction of
the generated output light is dictated by the properties of the
input beams [6,7]. This dependence is due to conservation
of momentum, also known as phase matching [6,8]. The
amount by which the phase-matching condition is not
satisfied is quantified by the phase mismatch Δk, the
difference in the momentum of the constituent beams.
Approaches such as quasi-phase-matching [9,10], birefrin-
gent phase matching [11], and higher-order-mode phase
matching [12,13] have been demonstrated as means to
achieve phase matching. However, these methods suffer
from the inconvenience of only being phase matched for
one specific configuration of the participating beams,
which is typically collinear and along the direction of
propagation [7], and only for a narrow range of wave-
lengths [14]. These constraints pose severe limitations on

potential applications in nonlinear optics, where flexibility
and compactness are highly desired.
There has been significant interest in using metamate-

rials to lift such constraints and explore the resulting novel
behavior [7,14–19]. Metamaterials provide ultimate flex-
ibility in the engineering of optical materials, enabling
many unusual and interesting properties, including negative
indices of refraction [20–22]. Materials with a negative
refractive index have been used to demonstrate the second-
harmonic generation of a nonlinear signal wave propagat-
ing against the pump wave, known as backward phase
matching [14,23]. This unique behavior may be further
explored when considering zero-index media [24,25].
As the magnitude of the momentum wave vector k is

proportional to the refractive index n (k ¼ 2πn=λ, where λ
is the free-space wavelength), it vanishes for light propa-
gating in a zero-index medium. Consequently, light in a
zero-index mode does not contribute any momentum to
phase-matching considerations, and its propagation direc-
tion becomes inconsequential to the phase mismatch
[Figs. 1(a) and 1(b)]. By virtue of this unique quality,
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many otherwise forbidden phenomena, such as the
simultaneous generation of both forward- and backward-
propagating light, become possible [7,26].
In our experiment, we explore these phenomena

using Dirac-cone metamaterials that achieve an effective
refractive index of zero via the simultaneous zero crossing
of the permittivity and permeability, while maintaining a
finite impedance [25,27]. These metamaterials consist of a
pair of silicon-based, corrugated ridge waveguides whose
dispersion profiles have zero crossings at 1600 or 1620 nm
[27]. Figures 1(c) and 1(d) show an image of a fabricated
waveguide and its measured refractive index profile. By
sampling five distinct configurations of pump, signal, and
idler waves, our experimental results support the existence
of direction-independent phase matching.
In the four-wave mixing (FWM) interaction under

investigation, a powerful pump beam interacts with a signal
(probe) beam, converting two pump photons of frequency
ωp into one signal photon of frequency ωs and one idler
photon of frequency ωi ¼ 2ωp − ωs [28]. As is usually
studied, all the beams of a FWM process are copropagating,
and the phase mismatch is given by Δkfw ¼ 2kp − ks − ki,

where suffixes p, s, and i represent the pump, signal, and
idler, respectively. In a standard silicon ridge waveguide,
this phase-matching condition may be satisfied (Δk ≈ 0).
However, the phase mismatch would then prevent efficient
FWM if the idler wave traveled in the backward direction
(i.e., counterpropagating with respect to the pump beam),
because then Δkbw ¼ 2kp − ks þ ki ¼ Δkfw þ 2ki ≈ 2ki.
Similarly, phase mismatch would prevent efficient FWM
if the signal wave was counterpropagating against the
pump wave.
To explore the impact of a low-index response on phase

matching, we consider the special case of copropagating
input beams when the idler wave is generated at the zero-
index wavelength. In this case, Δkbw ¼ Δkfw ¼ 2kp − ks,
and any generated nonlinear forward- and backward-
propagating signal would be expected to increase with
equal efficiency due to the vanishing momentum contri-
bution of ki. In fact, for a given pump and signal wave
configuration, generating an idler wave at the zero index is
the sole condition under which the phase-matching con-
dition can be satisfied multidirectionally for the idler wave
due to Δkbw ¼ Δkfw þ 2ki. Indeed, simulations predict that
the backward-propagating idler wave is strongest when the
idler is located at the zero-index wavelength.
The waveguides used in the experiment were fabricated

by writing a pattern into a negative-tone resist using
electron-beam lithography and subsequently transferring
it to a silicon substrate using inductively coupled plasma
reactive ion etching [27]. To facilitate coupling into the
waveguides, polymer coupling pads with large cross-
sectional areas were constructed on either end of the
waveguide. The waveguides consist of a row of zero-index
Dirac-cone metamaterial with a lattice constant of
a ¼ 760 nm, a cylindrical hole of radius r ¼ 212 nm,
and a thickness of 220 nm [27]. The waveguides are
additionally bordered by a photonic band gap material
consisting of a triangular lattice of holes with a lattice
constant of 450 nm and a hole radius of 124 nm. These
photonic band gap materials are used to reduce radiative
losses in the waveguide [27]. The low dispersion in the
waveguides, when combined with the effects of the
vanishing refractive index, ensures that the phase mismatch
is nearly zero for copropagating waves within a waveguide
for the lengths being considered in this Letter, even when
they are not located at the zero-index wavelength [27]. Two
zero-index waveguides are used: waveguide Awith a length
of 14.8 μm and a zero-index wavelength of 1600 nm and
waveguide B with a length of 11.1 μm with a zero-index
wavelength of 1625 nm. The waveguides possess a
refractive index of zero when using a transverse-electric
polarization, and all three constituent beams of the FWM
interaction use this mode. Their propagation loss has been
previously determined to be wavelength dependent, with
values of up to 1 dB=μm [27]. These loss values corre-
spond largely to linear scattering losses, which far exceed

FIG. 1. Phase matching in a low-index medium. (a) In a
conventional medium (n > 1), the input and output beams must
be carefully aligned, typically copropagating, to satisfy the phase-
matching condition. In a four-wave mixing interaction, this
corresponds to aligning the signal beam with the pump beam
to generate a collinear idler beam. (b) In a low-index medium
(n ≈ 0), the constituent beams are free to adopt any orientation
and still maintain phase matching. (c) Scanning electron micro-
scope image of a Dirac-cone zero-index waveguide surrounded
by photonic band gap materials (triangular lattice of holes).
(d) Refractive index profile of one of the waveguides used in the
experiment, crossing zero at λ ¼ 1600 nm. This refractive index
profile was obtained via the method detailed in Ref. [27],
whereby two counterpropagating beams are overlapped within
the device and the resulting interference pattern is imaged from
out of the plane. The shaded region indicates a refractive index
below the measurement threshold of n < 0.02.
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losses caused by two-photon absorption. We note that the
two-photon absorption length of silicon for maximum
pump intensity used in our experiment is 0.2 m, which
far exceeds the nonlinear interaction lengths in our experi-
ment [8,29,30]. Additional information concerning the
structure of these waveguides can be found in Ref. [27].
Waveguide A is used for the copropagating and out-of-
plane measurements [Figs. 2 and 3(b)]. However, in a setup
featuring counterpropagating beams, there is less power
overlap between the pump and signal beams due to
propagation losses in the waveguide. As a result, wave-
guide B is used for the counterpropagating measurements
[Fig. 3(a)] due to its shorter length, which allows for a
larger power overlap.
In this experiment, a pulsed laser provides the pump

beam, and an amplified continuous-wave laser provides the

signal seed beam. The pulsed laser consists of a Ti:sapphire
and optical parametric oscillator pumped by a 532 nm
continuous-wave laser. This setup is capable of generating
infrared pulses with a peak power of 1300 W, a pulse width
of 3 ps, and a repetition rate of 76.3 MHz. The signal laser
consists of a continuous-wave laser amplified by an
erbium-doped fiber amplifier capable of accessing wave-
lengths between 1535 and 1565 nm with a peak power of
2 W. In measurements with copropagating beams involving
a signal beam above 1565 nm, a weaker erbium-doped fiber
amplifier capable of generating up to 100 mW was used.
The spectra exiting the waveguide are measured using an
optical spectrum analyzer set to a resolution of 2 nm.
To verify that phase-matching constraints are relaxed for

multiple different orientations, we measure the output
spectra from both ends of the waveguide when using three
different pump and signal beam configurations: copropa-
gating, counterpropagating, and with the signal beam
seeding the waveguide from outside the beam plane. In
our measurement with copropagating pump and signal
beams, we sweep the pump wavelength in increments of
5 nm from 1555 to 1600 nm, while maintaining a constant
spectral separation between the pump and signal waves
(Δf ¼ c=λp − c=λs ¼ 2.4 THz). A constant spectral sep-
aration ensures dispersion will not contribute to any
changes in the power of the generated idler waves. The
power of the generated peaks has been shown to vary
quadratically with the power of the pump wave; this
dependence confirms that the peaks are the result of a
FWM interaction. To ensure the effects of power are
isolated, the incident power of the pump and signal is

FIG. 2. Collinear phase-matching measurements. (a) Example
spectra of the pump and signal waves when measured after
propagating independently through a 14.8-μm-long low-index
waveguide. (b) When these same pump and signal beams are
simultaneously applied to the waveguide, an idler wave is gen-
erated in the forward direction at ωi ¼ 2ωp − ωs (1600 nm). The
spectrum of the idler wave closely follows that of the pump wave
because of the narrowness of the signal beam spectrum. Gen-
erated idler wave spectra in the (c) forward and (d) backward
directions in a FWM process with copropagating pump and
signal beams. The red curves show the spectra of the idler beams
for ten different values of the pump and signal wavelengths. For
each wavelength pair, the spectral gap between the pump and
signal frequencies, as well as the incident power of the pump and
signal beams, are held constant. The black curves show the peak
power of the pulses predicted by phase-matching constraints,
while the vertical dotted black lines in (c) and (d) indicate the
n ¼ 0 wavelength.

FIG. 3. Counterpropagating and out-of-plane phase-matching
measurements. (a) Spectra showing FWM for counterpropagating
pump and signal beams with an idler wave generated in the
forward (copropagating with the pump wave, orange) and
backward (copropagating with signal wave, red) directions.
The signal and pump beams are at 1565 and 1600 nm, respec-
tively, while the idler wave appears at 1635 nm. (b) Generated
idler wave spectrum resulting from a signal beam seeding from
out of the plane of the waveguide. An idler wave is generated in
the backward direction only when the pump and signal beams are
simultaneously applied (red curve compared to the black curve).
The vertical dotted black lines in both figures indicate the n ¼ 0
wavelength.
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additionally held constant. When the signal beam is
incident on the sample from outside the beam plane,
the measurements are performed with the pump wave at
λ ¼ 1585 nm and the signal wave at 1565 nm. As the
waveguide will only accept light coming in at an incident
angle defined by Snell’s law and the refractive index at
1565 nm is slightly positive (n ≈ 0.17), the signal beam is
angled 9.8° off normal incidence, facing the pump beam.
While there has been interest in enhanced nonlinearities of
low-index media [25], we are not interested in the enhance-
ment of generated nonlinear output in this Letter. Rather,
our focus lies purely in studying the phase mismatch of the
wave configurations.
As a first step toward demonstrating directionally unre-

stricted phase matching, we show the simultaneous gen-
eration of forward- and backward-propagating idler waves
when considering the pump and signal beams copropagat-
ing in a waveguide (Fig. 2). Through the careful simulta-
neous adjustment of the pump and signal beams, this
measurement produces idler waves for wavelengths of λi
ranging from 1570 to 1630 nm, crossing through the zero-
index wavelength at λ ¼ 1600 nm [Figs. 2(c) and 2(d)].
The backward-propagating light peaks at λi ¼ 1606 nm,
while the forward-propagating light has a dip centered
at 1596 nm. We also plot our theoretical predictions
alongside our experimental results [black curves in
Figs. 2(c) and 2(d)]. The forward- and backward-generated
spectra show almost perfect agreement with the theory in
terms of both peak wavelength and rate of dropoff. The
forward-generated idler wave dips in power shortly before
the zero-index wavelength at 1596 nm. Modeling shows
that this dip is caused by dispersive propagation loss and
permeability values. Additionally, our model shows that the
power of the backward-generated idler wave is compara-
tively much more heavily limited by the phase mismatch
and, as a result, peaks when the backward-propagating idler
wave is best phase matched [27]. Beyond the strong
theoretical agreement, the fact that the most powerful
backward-generated idler wave is not located at the
same wavelength as the least powerful forward-generated
idler wave constitutes additional proof that the backward-
propagating idler wave is independently generated and
does not merely consist of backscattering of the forward-
propagating light due to possible reflections at the zero-
index wavelength. Note that, in isolation, equal values of
the generated idler powers are not a sufficient condition
for claiming perfect phase matching. Indeed, there are
many ways this could be otherwise achieved, such as with
reflections or asymmetrical coupling efficiencies. However,
the agreement with our model, which only considers the
index, power, and loss as input parameters, proves that our
observations arise from phase-matching constraints.
We next consider the phase-matching condition for

other phase-matching configurations not possible in con-
ventional waveguides. For counterpropagating pump and
signal beams, simulations predict that the brightest

forward-propagating idler wave will occur when the
signal wave is at the zero-index wavelength (here at
λ ¼ 1620 nm), while for the backward-propagating idler
wave it is predicted when the pump wave is at the zero-
index wavelength. We perform measurements with a pump
beam at 1600 nm and a signal beam at 1565 nm, where both
requirements are best satisfied given experimental limita-
tions. The resulting spectra are shown in Fig. 3(a). The
simultaneous generation of forward- and backward-propa-
gating idler waves is again clearly visible, here at
λi ¼ 1630 nm. The deviation in the shape of the generated
idler wave spectra occurs due to spectral changes incurred
by propagation in the waveguide, as well as fluctuations in
the spectrum of the pump beam.
We further establish phase matching without directional

restriction by coupling the pump beam into the waveguide
as before and seeding the signal beam from outside the
plane of the device. The seeding signal beam has a spot size
diameter of 8 μm, corresponding to over half the length of
the waveguide. A backward-propagating idler wave is
observed at λi ¼ 1605 nm as shown in Fig. 3(b). In
addition to confirming our theoretical predictions, observ-
ing the FWM process from a signal beam seeding the
waveguide from outside the plane of the device layer
provides further proof that low-index waveguides signifi-
cantly ease restrictions on parametric nonlinear effects by
relaxing the phase-matching condition.
The simultaneous generation of forward- and backward-

propagating idler light has been previously observed in a
fishnet metamaterial with a total thickness of 800 nm [7].
However, the thickness of that metamaterial was smaller
than the free-space optical wavelength (λ ¼ 1510 nm) and
phase mismatch is a smaller concern over such small
propagation lengths [31]. Additionally, it would be very
challenging to substantially increase the propagation length
using this metamaterial platform. Consequently, it was
difficult to establish that such an interaction would be phase
matched over longer propagation distances. Our demon-
stration, in contrast, uses similar wavelengths in a 14.8-μm-
long waveguide, corresponding to almost ten free-space
optical wavelengths and consistent with a lower-bound
estimate of the coherence length at 7.8 μm. Therefore, our
low-index waveguides provide unambiguous proof that
phase matching may be achieved for these longer distances,
as opposed to the inference made in a thinner metasurface
configuration. In addition, while this earlier demonstration
used intrapulse FWM, our demonstration uses multiple
spectrally distinct beams, enabling the clean isolation of the
generated nonlinear pulses from the inputs, resulting in an
unambiguous demonstration. These factors support the
conclusion that the process is strongly phase matched.
While our current zero-index platform exhibits radiative
losses, theoretical estimates have been proposed to achieve
low-loss zero-index waveguides, with propagation loss
estimates of 15 [32], 10 [33], and 1.5 dB=cm [34]. More
recent work has experimentally demonstrated several of
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these designs [35], reporting a reduction of propagation
loss by an order of magnitude compared to the waveguides
in the present Letter.
In summary, we have experimentally demonstrated that a

low-index medium enables phase matching that is free of
directional restriction for the constituent beams, which
greatly relaxes conventional nonlinear optical constraints
and potentially enables all input and output beams to take
on any desired configuration. Dirac-cone low-index wave-
guides can be constructed from any base material to enable
these properties and could have a significant impact in
several established and prospective technologies. In addi-
tion to facilitating the realization of FWM, this property
can be used to facilitate other parametric nonlinear
optical interactions. For example, in a difference-frequency
generation interaction where ωDFG ¼ ωp − ωs, the phase-
matching condition is given by Δk ¼ 0, where Δk ¼
kp − ks � kDFG. Therefore, if kDFG ¼ 0, then when the
condition of np=λp − ns=λs ¼ 0 is met, kDFG can take any
desired orientation. Furthermore, phase matching without
directional restriction could be used to generate entangled
idler photon pairs. While low-index materials still require
conventional phase matching through the careful engineer-
ing of its dispersion parameter, they provide great flexi-
bility in terms of propagation direction. We believe that
such structured low-index media have the potential to
facilitate the realization of nonlinear optical interactions
due to the relaxation of this constraint and thus serve
innumerable roles in the field of nonlinear optics.
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