Communicating with Transverse Modes of Light
by

Brandon Rodenburg

Submitted in Partial Fulfillment of the
Requirements for the Degree

Doctor of Philosophy

Supervised by Professor Robert W. Boyd
The Institute of Optics

Arts, Sciences and Engineering
Edmund A. Hajim School of Engineering and Applied Sciences

University of Rochester
Rochester, New York

2015



To my wonderful wife Liz:

Achievement unlocked!

ii



iii

Biographical Sketch

Brandon V. Rodenburg was born in Omaha, Nebraska in 1984. He attended Creighton
University (Omaha, Nebraska) from which he graduated cum laude with both a
bachelor of science in physics, and a bachelor of science major in mathematics in 2007.
During his undergraduate program he performed research studying the dynamics of
glass-forming liquids using photon correlation spectroscopy which led to publications
in Physical Review Band The Journal of Chemical Physics, and for which he was
awarded the Thomas Zepf Award for excellence in research, scholarship and service.
In addition he won the 2006 — 2007 Alumni Award for best modern physics score on
the Graduate Comprehensive Exam. He began his doctoral studies in optics at the
University of Rochester in 2007, where he worked under the direction of Professor

Robert W. Boyd.



1]

iv

List of Graduate Publications

R. W. Boyd, A. Jha, M. Malik, C. O’Sullivan, B. Rodenburg, and D. J. Gauthier.
Quantum key distribution in a high-dimensional state space: exploiting the
transverse degree of freedom of the photon. Proceedings of SPIET948, 79480L-6.
doi:10.1117/12.873491 (2011).

P. B. Dixon, G. Howland, K. Chan, C. O’Sullivan-Hale, B. Rodenburg, N. Hardy,
J. H. Shapiro, D. S. Simon, A. V. Sergienko, R. W. Boyd, and J. Howell.
Quantum ghost imaging through turbulence. Physical Review A83. doi:
10.1103/PhysRevA.83.051803 (2011).

R. W. Boyd, B. Rodenburg, M. Mirhosseini, and S. M. Barnett. Influence of
atmospheric turbulence on the propagation of quantum states of light using
plane-wave encoding. Optics Express19, 18310. doi:10.1364/0FE.19.018310
(2011).

K. Chan, D. S. Simon, A. V. Sergienko, N. Hardy, J. H. Shapiro, P. B. Dixon,
G. Howland, J. Howell, J. Eberly, M. N. O’Sullivan, B. Rodenburg, and R. W.

Boyd. Theoretical analysis of quantum ghost imaging through turbulence.
Physical Review A84. doi:10.1103/PhysRevA.84.043807 (2011).

M. P. J. Lavery, D. Robertson, M. Malik, B. Robenburg, J. Courtial, R. W. Boyd,
and M. J. Padgett. The efficient sorting of light’s orbital angular momentum
for optical communications. Proceedings of SPIE8542, 85421R. doi:10.1117/12.
979934 (2012).

M. Malik, M. N. O’Sullivan, B. Rodenburg, M. Mirhosseini, J. Leach, M. P. J.
Lavery, M. J. Padgett, and R. W. Boyd. Influence of atmospheric turbulence on

optical communications using orbital angular momentum for encoding. Optics
Express20, 13195. doi:10.1364/0E.20.013195 (2012).

B. Rodenburg, M. P. J. Lavery, M. Malik, M. N. O’Sullivan, M. Mirhosseini,
D. J. Robertson, M. J. Padgett, and R. W. Boyd. Influence of atmospheric



List of Graduate Publications v

[11]

[12]

[13]

turbulence on states of light carrying orbital angular momentum. Optics Letters
37, 3735. doi:10.1364/0L.37.003735 (2012).

M. Mirhosseini, O. S. Magana Loaiza, C. Chen, B. Rodenburg, M. Malik,
and R. W. Boyd. Rapid generation of light beams carrying orbital angular
momentum. Optics Express21, 30196. doi:10.1364/0E.21.030196 (2013).

M. Mirhosseini, B. Rodenburg, M. Malik, and R. W. Boyd. Free-space commu-
nication through turbulence: a comparison of plane-wave and orbital-angular-
momentum encodings. Journal of Modern Optics 61, 43-48. doi:10.1080/
09500340.2013.834084 (2014).

B. Rodenburg, M. Mirhosseini, M. Malik, O. S. Magana Loaiza, M. Yanakas,
L. Maher, N. K. Steinhoff, G. A. Tyler, and R. W. Boyd. Simulating thick
atmospheric turbulence in the lab with application to orbital angular momentum
communication. New Journal of Physics16, 033020. doi:10.1088/1367-2630/
16/3/033020 (2014).

B. Rodenburg, M. Mirhosseini, O. S. Magafia Loaiza, and R. W. Boyd. Experi-
mental generation of an optical field with arbitrary spatial coherence properties.
Journal of the Optical Society of America B31, A51. doi:10.1364/JOSAB.31.
000A51 (2014).

O. S. Magana Loaiza, M. Mirhosseini, B. Rodenburg, and R. W. Boyd. Am-
plification of Angular Rotations Using Weak Measurements. Physical Review
Letters 112, 200401. doi:10.1103/PhysRevLett.112.200401 (2014).

M. Mirhosseini, O. S. Magana Loaiza, M. N. O’Sullivan, B. Rodenburg, M. Malik,
D. J. Gauthier, and R. W. Boyd. High-dimensional quantum cryptography with
twisted light. arXiv:1402.7113 (2014).



vi

Acknowledgments

English poet John Donne stated, “No man is an island.” This is true in life, and the
road leading to this thesis has been no exception to this maxim. I am indebted to
Prof. Robert W. Boyd for giving me the opportunity to work with him during my time
in graduate school. I have learned so much about how to do good research and what
it means to be a scientist under his mentorship. I'd also like to thank Prof. James
R. Fienup, Prof. John Howell, and Prof. Carlos Stroud, for agreeing to serve on my
committee and for providing valuable insight and discussions that helped hone and

improve the quality of this work.

I'd also like to thank the fellow members of Prof. Boyd’s research group for creating
such an excellent environment to work and grow, as well as for the many friendships that
have developed from working together. I thank past members Dr. Aaron Schweinsberg,
Dr. Petros Zerom, Dr. Heedeuk Shin, Prof. Zhimin Shi, Dr. Alex Radunsky, Dr. Mehul
Malik, Prof. George Gehring, and Prof. Anand Jha. I especially want to thank Colin
Malcolm O’Sullivan for taking me under his wing when I joined the group. Thank you

for your wisdom from which I learned so much, and for your eternal patience with me



ACKNOWLEDGMENTS vii

as I followed you around constantly questioning you and trying to help in the lab even
when I lacked the experience to be of much use. And to Dr. Joe Vornehm, who had
the misfortune to share an office with me and didn’t have the heart to ever turn me
away from the many hours of discussions that we had that distracted from his own
work. To Dr. Andreas Liapis, one of the few people I've met whose love of film may
be as great as my own, thanks for the many interesting discussions on science and
culture. I also would like to thank the current members Mahmud Siddiqui, Boshen
Gao, Robert Cross, and Mohammad Hashemi, and a special thanks to Mohammad
Mirhosseini and Omar Magafa-Loaiza, with whom I've had the privilege of working

for the last few years on numerous projects, we made one hell of a team.

Many of the projects I worked on were in close collaboration with others. I'd like to
acknowledge Prof. Miles Padgett and his group, especially Dr. Martin Lavery, as well
as Prof. Howell and his group, especially Dr. Ben Dixon and Dr. Gregory Howland. I'd
also like to thank Dr. Glenn Tyler and Dr. Nicholas Steinhoff of the Optical Sciences
Company. Thanks to Prof. Clifford Chan, Prof. Alexander V. Sergienko, Prof. Jeffrey

H. Shapiro, Prof. Joeseph Eberly, and Prof. Stephen M. Barnett.

I'd also like to acknowledge all those here at the Institute of Optics that make this
such a wonderful institution. Thanks to all the faculty who taught me so much, and to
the many friends that I've made, and to the hard working staff who I've worked with

including Gina Kern, Lissa Cotter, Lori Russel, Maria Schnitzler, Gayle Thompson,



ACKNOWLEDGMENTS viii

Betsy Benedict, Per Adamson, Noelene Votens, Kari Brick, and everyone else who

works to keep thinks running so smoothly.

[ am grateful to my family, especially my parents, Ed and Lynda Rodenburg;
my brother Matthew Rodenburg and his family; my Grandparents, Jean and Gene
Rodenburg and Doris and Joe Breglia; and my aunt and uncle, Karen and John Priebe,
who for years put up with my constant questioning of everything. Thanks for not only
putting up with me, but encouraging and supporting me all these years. Thanks to my
parents-in-law, David and Paula Sowl, my brother-in-law Sam Sowl, and sister-in-law
Chelae Williams and her family for accepting me into your family and treating me as

your own.

Lastly I thank my wife, Liz, to whom this thesis is dedicated. You are the love of
my life, you give meaning to all that I do, you are my strength when life is hard and
my joy when it is easy. This has been a long journey and we finally made it. Thank

you.



ix

Abstract

Shannon’s theory of communication created a set of tools for studying complex
systems in an abstract and powerful way, providing the core foundations for the field
of information theory. This thesis uses these ideas to provide a framework for studying
the transverse degree of freedom of an optical field, appropriate for both classical
and quantum states of light. This degree of freedom is in principle an unbounded
space, providing a complex resource for encoding a large amount of information. This
work focuses on studying the physical limits to the information of this space, both in
terms of fundamental theoretical limitations as well as practical limitations due to

experimental implementation and error.

This thesis will pay particular interest to the design and implementation of a
quantum key distribution system encoded using a particular set of transverse modes
for encoding known as orbital angular momentum states, which represent normal
modes of a typical free-space optical system. This specific technological implementation
provides a motivation that acts to unify many of the themes in this work including

quantum state preparation, state detection or discrimination, and state evolution
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or propagation. Additionally, such a setup gives a specific physical meaning to the
abstract tools we will be utilizing as the information that we will be quantifying can
be thought of as a measure of the possible complexity or information content of a

single photon.

Chapter 1 provides a brief introduction to information theory and the basic
concepts and tools that are used throughout this work, as well as a basic introduction
to quantum key distribution. Chapter 2 theoretically explores the fundamental limits
of the information capacity of a channel due to diffraction, as well as computes the
communication modes of a channel using a normal mode approach to propagation.
Chapter 3 concerns the experimental implementation of a free-space quantum key
distribution system including quantum state preparation and detection, as well as
demonstration of a working system. Finally, in chapter 4 we consider the effects
of a noisy channel on our analysis, especially decoherence due to the presence of

atmospheric turbulence.
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Chapter 1

Introduction

As conscious living beings we all have our own subjective experiences that we live with.
One of the amazing features of the human race is the ability to abstract these feelings
and experiences and represent these thoughts and ideas. The appearance of language
within our species has sharpened and extended this ability tremendously, as well as
has given us the ability to transmit meaning to others. This ability to communicate

with other people is one of the fundamental elements of what makes us human.

The tools we use to transmit information have grown and evolved through history
enabling ever more complex communication. The creation of spoken language encoded
ideas or meanings into distinct sounds. The invention of writing put the information
into a form that gave the ideas a permanence that allowed ideas to spread further and
be remembered longer. The modern era gave birth to electronic means of encoding
and transmitting information that now allows the flow of ideas to occur virtually

instantly and between nearly any two points on the earth.
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This chapter will introduce the basics of information theory from the perspective of
communication. These tools will provide the basic context for describing the transverse
degree of freedom of light within the framework of communication or information.
This provides a universal framework for thinking about such topics as spatial mode
modulation, optical beam propagation, and measurement theory that will be explored
in later chapters. In addition, section 1.2 will give a brief introduction to the field of
quantum communication and cryptography which provides a specific technological
implementation that integrates many of the topics that will be discussed throughout

this thesis and thus provides a motivation for many of the ideas that will be presented.

1.1 Shannon Information Theory

The complexity of modern communication has given rise to a number of fields that
try to model and thus better understand this phenomena. One of the major areas
that has arisen in this context is the field of information theory. Information theory
tries to analyze information qua information, and is seen as having been formally
established in the seminal paper by Claude Shannon, “A mathematical theory of
communication” [9]. Shannon gave a generalized picture of communication which is
shown schematically in Fig. 1.1 and consists of three stages; a sender and receiver
(traditionally named Alice and Bob), and a physical medium or channel over which

the intended information is transmitted between Alice and Bob.
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Transmitter Receiver

Intended | . . | Received

message message

Channel
Figure 1.1: Schematic of Shannon’s general communication system
Alice must encode the intended information onto some physical medium that
can be transmitted to Bob. This stage is the fundamental stage of abstracting or
symbolically representing meaning. Language is a natural example of this. In speech a
specific idea is represented by a specific sound or grouping of sounds, while in written
language the representation of the idea is in the form of visual characters or symbols.
In general, ideas are represented in some physical form that can be transmitted and
ultimately experienced or sensed by another person. Each physical symbol is chosen

from a set of distinct possible symbols with pre-agreed upon meanings.

So in the general communication scheme of Fig. 1.1, Alice translates the intended
message into a series of abstract symbols. Each symbol is encoded onto the state of
the physical medium in one of a number of different possible configurations. The list
of possible configurations or symbols X 2 X is called the alphabet, in analogy with
written communication. The information | (X) of a random symbol X with N equally

likely possible values X 2 X is defined to be

[ (X)=logy(N): (1.1)
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The logarithmic measure of information is chosen because the number of distinct
possible messages generally grows exponentially with resources. For example if a
message contains N independent random symbols X, each chosen from an alphabet of
size N, then the total number of possible combinations of sequences is N", and the

amount of information contained in this sequence is

(X" =log,(N") = nlog,(N) = nl (X): (1.2)

It should be noted that information as defined by Eq. (1.1) is only defined to within a
constant, which is equivalent to the freedom to choose the base bof the logarithm which
defines the units of information. If the natural logarithm is chosen then information is

given by nats, and if base two is chosen then the information is in bits.

Although Eq. (1.1) specifies the information for a message with equally likely
outcomes, this is not always the case. A more general method of quantifying the
information of an unknown process or message is to consider a set of possibilities
X 2 X that are not equally likely. In this case each outcome will have an associated
probability

p(x) p(X = Xx); (1.3)

that represents the relative likelihood that the event X will be represented by the
particular possibility X. The more probable an event X is to occur, the less weight

or information is conveyed when X occurs. For instance if p(X) = 1, then there is no
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difference in knowledge before and after the event occurs and thus I (x) = 0. Whereas,
if p(x) 0, then if X occurs this is very surprising, i.e. a lot of information is gained
and thus | (x) should be large. The information gained from measuring X 2 X is

therefore given by

— — 1 — .
I(x) (X =x)=log ey log(p(x)): (1.4)

The average information per event X is given by

H) = ENET= - po)l ()= P log(Pe); (15)

X

where E is the expected value operator. H (X)) is known as the Shannon information
or entropy by analogy between Eq. (1.5) and the thermodynamic formula for entropy
S given by

S=keHs = k5 p()log(pO)); (1.6)

X

where Kg is Boltzman’s constant, p(X) represents probabilities of a system existing in
microstate X, and Hg is the function used in Boltzman’s H-theorem. Note that if all

outcomes of an event X are equally likely, i.e. if the probabilities are given by

p(xX)=1=N 8x 2 X; (1.7)
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then the information is

I (x) = log(1=N) = log(N); (1.8)

and we recover the expression given by Eq. (1.1).

The Shannon information given by Eq. (1.5) can describe equally well the amount
of information that Alice can encode in a message as well as the amount of information
that Bob learns upon receiving that message. If we say that the channel transmits
from A1 B, i.e. Alice sends some symbol A = a 2 A and Bob measures some
possible state B = b2 B, then the expectation value of the amount of information
that Bob obtains upon measurement of his received symbol is given by H(B), where
the probabilities p(x) in Eq. (1.5) are replaced by the probability of Bob detecting
mode b2 B given by p(b). If the channel is ideal, than Bob receives the exact encoded
message Alice transmitted and thus Bob has the same amount of information as was
sent and H(B) = H(A). However for a general channel there will be errors and some
of the information necessary to describe Bob’s detection will be caused by these errors.
Assuming that Alice sent @, the amount of the information that Bob gains from his
measurement B = bthat are due to these errors alone can be quantified by considering

the entropy of B conditioned on A = a given by

X
H(BJA = a) = p(bja) log(p(bja)): (1.9)
b



CHAPTER 1. INTRODUCTION 7
The average or expected error is given by the conditional entropy H (B jA) given by

H(BJA)= E[H(BJA = a)] = § p(a)p(bja) log(p(bja)): (1.10)

ab

The average amount of information that Alice transmits to Bob in a noisy or imperfect
channel is thus given by the mutual information which is simply the information Bob
measures minus the information that is not due to Alice quantified by the conditional

entropy, i.e.

I(A;B) H(B) H(BjA): (1.11)

The relationships between the Shannon entropies, the conditional entropy, and the

mutual information is shown schematically in Fig. 1.2.

Generally one does not know the probabilities p(b) a priori, as this depends both
on the encoding scheme as well as the channel itself. Therefore it is often convenient

to use the identity

ob)= " pbia)p(a); (1.12)

a
to make the dependence on p(a) and p(bja) explicit. This way information due to
the encoding and to the channel are separated as p(@) is based on the encoding used

and the conditional probabilities p(bja) are a property of the channel which can be
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H(A) H(B)

Figure 1.2: The marginal entropies representing the information that Alice encodes
H (A) and Bob measures H (B) is represented by the blue and red circles respectively.
The areas that do not overlap are the conditional entropies and the overlapping region
represents the mutual information | (A; B).

experimentally tested. Using this identity Eq. 1.11 can be written as

p(b) log(p(b)) + ’ p(bja)p(a) log(p(bja))

| (A; B) =
b ab
. O . L . .
= p(bja)p(a)log@ p(bjdp@%A +  p(bja)p(a) log(p(bja)) (1.13)
ab a0 ab
p(bja)

_ PeRp@log P o@D

where the last line is given in terms of quantities that are directly available to the

experimenter.
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The final stage of communication shown in Fig. 1.1 is decoding of the received
message by Bob. However, a noisy channel (i.e. a channel with a non-zero value of
H (BjA)) means that Bob’s message will contain errors, and the average amount of
information contained in the received message that correlates with the message Alice
sent is | (A;B). Alternatively, if Alice and Bob know in advance that the channel
is imperfect, then Alice can encode redundant information in the sent message in a
predetermined way which Bob can than use to correct for possible errors in his received
message. In what is now known as Shannon’s noisy-channel coding theorem [10],
Shannon showed that in principle an intended message could be recovered using error
correction with negligible probability of error. However, this is true only if the average
amount of information that is extracted per symbol is less than the channel capacity

C given by mutual information maximized over all input weightings p(a), i.e.

C=supl(A;B): (1.14)
p(a)

The maximum information rate transmitted into the channel is simply the symbol
rate times | (A;B). In order to maximize communication there are three primary
methods available. The first method is to maximize the rate at which symbols are
generated and sent. The second method is to maximize the information of each symbol,
represented by either H(A) or H(B), which is done primarily by using the largest

alphabet possible. Finally one wants to find a means of communication that minimizes
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the errors of transmission H (BjA), which may come from the channel or imperfect

transmitters or receivers.

Much of this work focuses on communication with optical fields that exploit the
large configuration space afforded by the transverse spatial degree of freedom of the

field to maximize the symbol alphabet and the limitations of such a scheme.

1.2 Quantum Cryptography

Maximization of the information capacity of a channel is not the only parameter that
is generally cared about in communication. If the channel is a public channel, or there
is a fear of an eavesdropper listening in on the channel, then it may be desirable to find
a way for Alice and Bob to communicate in a secure fashion. One standard method
used is to encrypt the message with a cryptographic key. This is an algorithm that
takes the message plus a random key to generate a new message that (ideally) contains
only random information if one does not know how to decrypt the message (such as
by knowing the key). Standard methods generally rely on computational complexity
for encryption, but an exciting alternative is quantum cryptographic methods such as
quantum key distribution (QKD), which relies on using quantum resources to securely

distribute a random key for use in encrypting an intended message [11].
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1.2.1 Communication with quantum states

Section 1.1 gave an introduction to some of the theoretical foundations of information
and communication. Expanding this theory to include tools that require quantum
resources leads to the fields of quantum communication and quantum information.
One of the fundamental features of a quantum system that becomes one of the basic
tools in quantum information is the phenomena of superposition. Consider a system
that can be measured in one of two mutually exclusive states which we can write
in the standard Dirac notation as JOi or jli. If this were simply a classical system
then we would have each symbol or bit X =0 or 1 encoded using the states jOi or j1i.
However as a quantum system the most general possible state j i1 of this system is

represented as the (normalized) linear combination

i i = ajoi + bjli; (1.15)

where a;b2 C, and

jaj® +jbj* = 1: (1.16)

The state in Eq. (1.15) is a general representation of what is called a quantum bit or

gbit with the states jOi and jli acting as a basis for this representation.

If Alice prepares a gbit in the state given by Eq. (1.15) and Bob checks to see if

the state was in the jOi or jli state, he will get a definite answer of one or the other
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with probabilities given by

p(x = 0) = jaj?; and p(x = 1) = jbj*: (1.17)

Thus at most Bob only gets one bit of information per measurement. This type of
measurement is known as projection measurement. In general a projection measure-
ment is described by a Hermitian operator M which can be expanded in terms of it’s

spectral decomposition

M = WPn = nj nih aj; (1.18)

where P, = j nih ] are projectors of the N orthogonal eigenstates | ni spanning the
N -dimensional space, and | are corresponding eigenvalues of M. A projection style
measurement of M will result in one of the N outcomes , with the probability of

measuring the nth state given by

ph=hiPji=hj.i% (1.19)

Therefore the case of Bob testing if the state is jOi or jli corresponds to projectors

Py = j0ih0j and P; = jlihij: (1.20)
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A special feature of measurements of quantum systems is the ability to choose a
different measurement scheme M © for the same system with projectors over states j ©i
that are superpositions of the eigenstates j i of M. M and MPOare said to represent
incompatible observables and will introduce uncertainty into Bob’s measurement, i.e.
the entropy of Bob’s measurement conditioned on Alice’s preparation will not be zero.
For instance if Alice prepares the system in the state jOi and Bob measures the state
using the projectors given by Eq. (1.20), he will decide the symbol was zero with 100%
certainty. However if instead Bob makes a measurement by projecting over the states

1

5 0 i (1.21)

E
he will find the state in either j +i orj i each with 50% probability. Therefore, even
in the absence of noise the conditional entropy is one bit and the mutual information
between Alice and Bob is exactly zero. After the measurement either the particle itself
will have been destroyed, such as when a photon is detected, or the quantum state
will have been collapsed into the detected state and any subsequent measurement will
yield the same result and so there is nothing more Bob can do to recover the lost

information.
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1.2.2 Quantum key distribution

One of the first papers on QKD was given by Bennett and Brassard in 1984 and is
aptly known as the BB84 protocol [12]. In a BB84 scheme Alice sends a random key
to Bob using at least two distinct sets of modes from incompatible observables M and
M © for encoding. For each symbol that is transmitted, Alice randomly chooses which
alphabet or basis of states to choose her symbol from, and Bob randomly chooses
which basis to measure in. An important constraint on these modes is the requirement
that both sets of modes span the same Hilbert (sub)space and each basis of states
must represent a mutually unbiased basis (MUB) with respect to any other basis
used in the scheme. This means that if a state in one basis is measured by projecting
in another, then the probability of detection is equal among all states and thus the
mutual information between the prepared state and measured state is identically zero.

This can alternately be written as

haj bi 2 = 1=N; (1.22)

where jai and jbi are any two states from different MUBs and N is the dimensionality of
the Hilbert space. Security comes from the fact that any eavesdropper (conventionally
referred to as Eve) who may have access to the transmitted state will be ignorant of

which basis each state was prepared and as a result, will introduce errors into the
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stream of symbols due to this ignorance and the inherent quantum uncertainty in

measuring such general unknown states.

H=V basis D=A basis

Symbol 0 1 0 1
State  jJHi Vi DI JAI

Table 1.1: Encoding of binary symbols in the original BB84 scheme of Ref. [12]
demonstrating the use of two incompatible polarization bases.

The original example in Ref. [12] used the polarization of photons to encode the
key. Each symbol consisted of a single linearly polarized photon whose orientation
determines whether the state is a binary zero or one. In the first basis the photon

polarization is either horizontally or vertically oriented i.e.
jOi, = jHi and jli, = jVi: (1.23)

A second basis was chosen such that the polarization is linear and orientated along
the diagonal and anti-diagonal directions, which can be represented in terms of the

original basis as
jOi, = |Di = %UH I +jVi) and jli, = JAI = %(JHI [\Al)) (1.24)

respectively. Alice randomly sends in either the H=V or D=A basis and Bob chooses

which basis to make a measurement in. After sending a sufficiently long message Alice
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and Bob will sift the key by announcing which basis was used for each symbol and

keep only the part of the message in which both choose the same basis.

Alice and Bob then announce part of their key to test for errors to check for the
presence of Eve, as her presence will necessarily introduce errors. For instance if
Eve measures and then resends in a randomly chosen basis, she will measure in the
wrong basis half of the time and thus Bob, measuring in the correct basis, will get an
incorrect bit half of these times. For instance if Alice prepares the symbol X = 0 in the
H=V basis she will send state jHi. There is a 50% chance Eve will choose the correct
H=V basis in which case she will measure and send the same state to Bob introducing
no errors. However, if Eve choses to measure in the D=A basis then she will measure
and resend either jDi or jAi to Bob. In both of these cases a measurement by Bob in
the correct H=V measurement will be completely random with a measurement of jH i
and jVi both occurring with a probability of 50%. A list of possible combinations is
given in Table 1.2. If Eve is using an intercept-resend strategy she will induce an error
rate of at least 25%. Therefore if Alice and Bob measure an error rate of less than

25%, then they can be certain there was no eavesdropper making such an attack.

Alice/Bob’s Basis Eve’s Basis  Frequency Error Contribution to total error

H=V H=V 1/4 0% 0%
H=V D=A 1/4 50% 25%
D=A H=V 1/4 50% 25%
D=A D=A 1/4 0% 0%

Table 1.2: Introduction of errors into the sifted key in a BB84 QKD scheme due to an
eavesdropper (Eve) intercepting and measuring each symbol in a random basis and
then resending the measured symbol to Bob.
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The error rate caused by Eve in an intercept-resend strategy can be generalized
to using more than two MUBs and using a state space dimensionality greater than
two. If the number of MUBs used is N, then Eve will choose the wrong basis with
probability (N 1)=N. If the dimensionality of the Hilbert space is d, and Eve
measures in the incorrect basis, Bob will get an error with probability (d 1)=d
Therefore the intercept-resend strategy will in general create an error with probability
(N 1)(d 1)=Nd. Thus the security of the protocol can be improved by increasing
the state space or the number or MUBs and it can be shown that this holds true even
for more sophisticated eavesdropping strategies [13, 14]. Although security is improved
by increasing either N or d, increasing the number of MUBs has the disadvantage of
not only increasing the probability that Eve will choose the wrong basis, but also that
Bob will choose incorrectly as well, thus decreasing the sifted key rate by a factor of

N . For this reason our work focuses entirely on an increase in the number of symbols

used for encoding, rather than on finding a large number of MUBs.
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Chapter 2

Theory of spatial mode communication

As was demonstrated in chapter 1, using large alphabets or state spaces to encode
information in a communication channel can allow for significant increases to channel
communication rates as well as improvements in security in QKD. A particularly
attractive physical resource that allows for many distinct states is the transverse or
spatial degree of freedom of light, as the number of modes needed to describe an
arbitrary field in a plane are unbounded. Optical means of communication are a
natural and common means of communication, although exploiting spatial modes of
light have only recently begun to be explored in this context. This interest includes
both increasing transmission rates in classical channels [15] as well as for use in QKD

systems [3, 14, 16, 17]
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2.1 Diffraction limited communication

As previously seen, the benefit of using a resource for communication depends largely
on the number of distinct possible states N for that resource. Although the spatial
degree of freedom of an optical field appears unbounded, in practice N will always be
limited. The primary physical mechanism limiting N will be diffraction and loss due
to the sender and receiver having finite apertures. N can be estimated by imagining
Alice communicates to Bob by focusing a beam to a spot in Bob’s receiver as shown
in Fig. 2.1. Two spots will be barely resolvable if they are separated by the Rayleigh
criterion given by

x| z=Dr; (2.1)

where is the wavelength, z is the separation between apertures and Dy is the

transmitter diameter. The area of each spot therefore takes up roughly

()21 (z)*=Ar; (2.2)

where At is the area of the transmitting aperture.

The total number of spots distinguishable in the receiver aperture is therefore

equal to the number of spots that fit within an area of the receiver Ag which gives

ARAT
(z)?

N Ag=(x)? = Df; (2.3)
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Figure 2.1: Communication scheme where various symbols are encoded by the location
of distinct spots focused within the receiver’s aperture. The number of distinct spots
is given by the Fresnel number product D of the sender and receiver.

where D is known as the Fresnel number product of the sender and receiver. There-
fore the amount of information that can be transmitted by a diffraction limited

communication channel is expected to be approximately

| (A; B) log(Dg): (2.4)

2.2 Communication modes

The more rigorous method of counting the number of available modes is to consider
the Green’s function operator G that maps functions in Alice’s aperture A to Bob’s

aperture B, i.e.

G:AIB : (2.5)

The Green’s function operator G includes loss from both apertures as well as the

propagation in the channel, and is therefore generally not a unitary or information
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preserving map. For all physically realistic situations G will be represented as a
Hilbert-Schmidt operator, meaning an operator that is a linear operator with a norm
of finite measure and therefore by Mercer’s theorem [18] there will be a normal mode

decomposition of G. Thus we can write the propagator as

X
G=" gnjoihanj; (2:6)

n

where ja,i 2 A and jb,i 2 B are orthonormal sets of modes within their respective

apertures. Equation (2.6) can be rewritten as the set of eigenequations
G'Giani =jgnj’jani GG jouyi = jgni’ jbni : (2.7)

The modes in Egs. (2.6) — (2.7) are known as the communication modes [19], and
Eq. (2.6) can be interpreted as a one-to-one map of the set of modes ja,i onto the set
jbni with coupling constant @, (i.e. power efficiency , = jgnjz). Such a decomposition
discretizes the problem and allows us to apply the discrete tools developed in section 1.1
that allow us to quantify a physical process in terms of information theoretical concepts.
In addition, the communication modes abstract the problem of propagation from all
further analysis, allowing a full characterization of the problem in terms of a single
special set of modes. Therefore a careful examination of the problem of diffraction

using this perspective is both desirable and advantageous.
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2.3 Channel capacity with communication mode
encoding

Since Eqn. (2.6) specifies a one-to-one map of modes, this means we can write the
conditional probability of Bob detecting mode jb,i given that Alice sends mode ja,i

as

p(bhjam) = mnPs( n); (2.8)

where ps( n) is the probability that Bob measures a signal. For communication using
single photons (such as in QKD) then . is the probability of Bob receiving a photon

or not and thus for ideal detection

PP ()= n (2.9)

For classical communication communication, Bob will still receive a signal, even in
the presence of loss. If the original signal was some power Py, then Bob will receive a
signal with power P . If the noise equivalent power (NEP) is significantly less than

P o, then Bob will register the correct symbol with very high probability. Therefore,

a simple model for ps is to treat it as a threshold or step function, i.e.

8
<1 it n > min

classical —
Ps () - 0 otherwise

(2.10)
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The value of pin must be chosen high enough that errors are not introduced from
noise, but low enough that the capacity of the channel isn’t artificially restricted. The
ideal value will depend on optimising these effects which depend on the exact nature
of the noise of the system. This is a major area of study within the fields of signal
processing and estimation theory, the details of which is beyond the scope of this

thesis.

Using the conditional probability defined in Eq. (2.8), the marginal probability of

Bob measuring mode jb,i therefore takes on the simple form

)= PMHARP@n) = mnPs( n)P@m) = P( )P(@n): (2.11)

m m

Using these two equations allows us to write the mutual information in a form that

only depends on the values of p(a,) and ps( n),

x | p(bnjam)
- p(am)p(bhjam) log “po))

x mn P )
pP(@m) mnPs( n)log :
m:n pls( n)P(@n) (2.12)

1
) p(an)ps( n)log @

| (A; B)

p(an)ps( n)log p(as) :

n
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An expression for the channel capacity can be found by finding the supremum of

Eq. (2.12) subject to the constraint

p(an) = 1: (2.13)

n

Using the method of Lagrange multipliers this requires extremizing the function

aB+ S pan) 1
" y ! (2.14)
p(@)ps( n)log p(an) + p@) 1 ;

n n

-
I

where is a constant chosen to satisfy the constraint in Eq. (2.13). The function L in

Eq. (2.14) will be maximized at points of stationarity with respect to the probabilities

p(@n), i.e.

@L
Q@fan)

=0= ps(n)log(p(a)) ps(n)+ : (2.15)

Solving this equation for p(a,) gives

1 : (2.16)

Pa) =P o)

Since this equation yields non-negative values for p(a,), and the sum of probabilities

is equal to one, we can see that Eq. (2.16) gives the correct range of values

0 p@E) 1 8n: (2.17)
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For the quantum case where we use the signal probability p° ( ) = , from

Eq. (2.9) the channel capacity is

Co® = T 0 (a) | log(p%® (ay)) (2.18)

n

with
[

pP(a))=exp — 1 : (2.19)

n

For the classical case we assume there are N total states with efficiencies greater than

the threshold i, given by Eq. (2.10), i.e.

8
: <1 ifn N
classical -
= : 2.20
Ps () - 0 otherwise ( )
In this case 8
- <exp( 1) ifn N
classical —
ay) = : 2.21
P (@) -0 otherwise ( )
which solving for the constraint specified in Eq. (2.13) gives
8
pclassical(an) — < 1=N if n N . (2'22)
-0 otherwise

Therefore by Eq. (2.12) the channel capacity of a classical channel is given as

Cclassical — X i log(N) = log(N): (2.23)
N ' '
n=1
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2.4 Communication modes of a free-space channel

An important metric that will be shown to correspond roughly to the total number of

modes is the Hilbert-Schmidt inner product of G defined as

X X
&% T &6 = jgjf= 2 (2.24)

n n

Assuming propagation over a distance z within a free-space optical channel assumed

to be within the paraxial regime, then the Green’s function can be written as [20]
D E Pr(NP 1 (r : : 2
r6r® G(r;r9= Wexp ikz +ikr r% =2z ; (2.25)

where is the wavelength, K =2 = is the wavenumber, and Pt (r) and Pr(r) are the

pupil transmission functions for Alice and Bob. For such a propagator

2 7 2
G = G(r;r%  drdr = ARAT=(z)% = D¢ (2.26)

where
Z
A= P() 2dr (2.27)

is the area of the aperture. Therefore by combining the above expressions with

Eq. (2.24), we see that the sum of the mode coupling efficiencies equals the Fresnel
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number product Dg, i.e.

j9nj° = DE: (2.28)

n

In order to gain any more information about the communication modes or their
coupling strengths @,, we need to solve the eigenequations in Eq. (2.7). The spatial

representation of these eigenequations is

ZZ p E Y4
rr &6 1Y DAY= K(rrir) w(r9)dr} =jgnj® alrr)
77 D E 77 (229)
e GG 13 WAy = KYrirR) w(R)ArE =jgaf® o(re);
where
n() hrjangi and  n(r) hrjbyi (2.30)

are the spatial representations of the communication modes in Alice and Bob’s
apertures respectively. The integral kernels K and K °of Eq. (2.29) can be found using

Eq. (2.25). This is given by

D E
K(rr;r2)= rr &6 rd
ZZ p ED E
= rr & rg rg G2 drg (2.31)
7z
_ Pr(rr)Pr(r$)
(z)°

Pr(rr) “e' &' " Rz T R drp s

and similarly

Pr(rr)Pr(r3) “°

(z)° Pr(ry) 2ezimr tifel IR 1 gre: (2.32)
z

KYrg;rg) =
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Note that if the channel is symmetric, i.e. if

Pr(r) = Pr(r); (2.33)

then K= K and thus the eigenequations in Eq. (2.29) are complex conjugates of

each other. In this situation the eigenstates are simply related as

n(r) = a(r): (2.34)

The solutions to Eq. (2.29) depend on the form of the pupil functions Pt and
Pr. Two typical cases are are given in sec. 2.5 — 2.6. Section 2.5 looks at the case
of rectangular apertures, which gives solutions in separable Cartesian coordinates.
Section 2.6 gives solutions for the more typical round apertures which leads to a

natural decomposition in cylindrical coordinates.

2.5 One dimensional apertures (square geometry)

The first and simplest geometry we consider is one in which the pupil functions are

separable in Cartesian coordinates, i.e.

Pr(X;y) = PR;X(X) PR;y(Y) and Pr(X;y)= PT;X(X) PT;y(y): (2-35)
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In this case Eq. (2.31) can be written as

7
PT(rT)PT(rg)
(z)°
oy Z
_ Pr (X1)PTix(X7) Prox (Xr) 2(_:.i 25T X RIZd 2 XY X Ri® dxr
- (2.36)

oy Z
PT;y(yT)ZPTW(yT) PR;y (yR) zei %jYT y Rjze%jﬂ y ri? dyR

sk 2 ki 0 .2
K(rr;rg) = Pr(rr) ?e' 27" R dalr =i drg

Kip(xt;x3)  Kip(yr;y9):

Therefore we can write the eigenequation for (X;y ) from Eq. (2.29) as

Z VA
Kip(X1;X?) mx (X7) dX? Kin(yr:¥7) ny(y?)dyr
(2.37)
= mx mx(XT) ny ny y7);
where  mn(XyY) = mx(X) ny(Y) and , = mx ny- This means that for a
square geometry we only need to solve the one dimensional eigenequations
Z
Kio(;X) mx(x)dx= my mx(X)
7 (2.38)

Kin(y:Y) ny()dy’= ny ny(y):
2
It is convenient to define the one dimensional version of the norm, G , given in
Eq. (2.26). This can be written as

) Y4 ) Z
Gip "= Gu(x9 dxdx®  Kip(x) “dx= =T = Drap;  (2:39)
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where Dg.gp is the 1D Fresnel number product and

4
L= P(x) *dx (2.40)

is the generalized pupil length, which acts as the 1D analog to the area defined in

Eq. (2.27).

2.5.1 GGaussian apodized apertures

In order to solve for the eigenequations in Eq. (2.38), we need to know Kp and thus
have a specific form for the apertures. We first consider apertures that are Gaussian
apodized as these results are known to have analytic solutions [21]. Such apertures

will be specified by the (one dimensional) pupil functions

X 2 X 2
Pr(x) = exp —% and Pr(X) = exp —é ; (2.41)
which have characteristic lengths based on Eq. (2.40) of
Lret = ’ Pgr-1(X) 2 dx = ‘ e* TRt dx = Rsz_: (2.42)
This system has a (one dimensional) Fresnel number product of
DF:LRLT: RT:kRT: (2.43)

z z 27
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Now we can compute the kernel Kip by plugging the pupil expressions into

Eq. (2.36). This gives

PT;X(X)PT;X(XC) z
VA

245 02=p 2 z

- e(z)é( D eX R R etx M g

2 . )
KlD(X;X% PR;X(XR) el %(XX R)zé%(xox R) dXR

el 2x %)=2 P K 02y 2 2 2 2_4,2 (2‘44)
- . g 2z X% x )LRek 2(xx 92=4z
(X 2+X 02):2 2 .
- e . T e|%(x°2x 2)I_ReZD 2 (xx 0)2=2$:
Our eigenequation now becomes
z
m m(X) = K(X;X(b m(x()
7 (2.45)
— Li e 24x 02)=2 %é%(xozx 2)e2D 2(xx 92=2 2 m(xo)dxu.
If we make the substitution
!
ko,
x)= Xexp i =—x> ; (2.46)
2z
then this becomes the real-valued eigenequation
ko2 Z
m m()= €2 Kipx) mx9
Lr z (x 2+x99=2 2 2D 2(xx 92=22 o0 0 2.47
=R ¢ Te® ¢ T 9 (x9dx (2.47)

z

Z
Lr ™ gap 2)2ax 2 2 g2 2 0 (0 g0
Z m
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Using a substitution of variables we can write the exponential function as

! !
(1+2D 2)(x%2+ x%)+4D2xx° = exp (1+ td)(y2+ z?) +4tyz

2 2 - 2(1 t?)
g —X
= 1 t? HGh(y) HGn(Z)tn;

n

(2.48)

where we have used Mehler’s formula [22] to express the exponential function in terms
of a bilinear expansion using the complete and orthogonal Hermite-Gaussian functions.

These functions are given by

HG,(2) = q?,l].ﬁez =24, (2); (2.49)

where H,(z) are the Hermite polynomials which can be written as

2 0

Ha(z) = ( 1) ”exzilex (2.50)

The first few Hermite-Gaussian functions are plotted in Fig. 2.2. The value of n
corresponds to the degree of the Hermite polynomial H,(z) that makes up HG,(2).
As a result of this the HG,, mode will have n 1 nodes and thus a larger mode number
can be seen as corresponding to higher spatial frequencies of the mode. In addition
the width (or variance) of the function itself will also grow with n as can be seen in

the figure.
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HGo(2) ' j ——

HG1(z) : : : /\

E9ﬂQ—;"—_‘i\\\\_l",f’L‘\\\~l_”,/;‘—-‘~;-____

-4 -3 -2 -1 0 1 2
Z

3 4

Figure 2.2: Plots of the six lowest order Hermite-Gaussian functions HG,(z) given by

the expression in Eq. (2.49).

The substitution in Eq. (2.48) is true if we have

s q_— s q

1 t2 1+2D:2 1 t2 1+2D¢
Y 1+t2 T 1+1t2 T
t D2
and = F

1+t 1+2D2°

Solving for t gives

p
2D2

1+2D2 ' 1+4D2
t=

and
1+4D2) 1+4D 2)=
_ (L+4DB)* - (1+4DY) o

T T

(2.51)

(2.52)

(2.53)
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With this substitution our eigenequation becomes

Z
L 2 \(x 24y 023—> 2 2y 0o 2
m r?'l(y) - 7R e(1+2D £ )(x2+x 99)=2 Te4DFXX =2 < %(X(b dXO

z
De P X 0
= g——— 1+t2 t"HG,(y) HG,(z) ,(2)dz
1+2D2 n

Z
p_X n 0
t" t"HG,(y) HG(2) (2)dz

n

(2.54)

P 2 y);

where the integration is performed by assuming that 2(z) / HGgy(z). We have

therefore found the communication modes which are given by the normalized functions

s 0 1
1+4D2 1=4 1+4D2 1=4 )
n)= IR @ ADEN T o g (2.55)
T T
in Alice’s aperture, and similarly by
s 0 1

(L+4DZ)&* | o(1+4D2)™
m

R R

n(X) = XA d 2% (2.56)

at Bob’s aperture. These modes have a power coupling efficiency given by the

eigenvalues
0 11,
14202 1+4DZ." "
p_ + +
= M= 8 F P (2.57)

2D2
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T T

) [0)

o o

= S}
26 - &6

(0]

= ..

=
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HGO;Z HGl;z HGz;z

Figure 2.3: Plots of the nine lowest order 2D Hermite-Gaussian wavefunctions
HGmn (X;y) given by the expression in Eq. (2.61). The magnitude of the ampli-
tude is represented by the color brightness, while phase (e.g. sign) is represented by
the color hue with red representing a real and positive value and blue representing a
real and negative value.

The full two dimensional solutions are just given as the product of the one

dimensional solution, i.e.

mnOGY)= m(X)  aly); mn(GY)= m(¥) n(y);
(2.58)
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In particular, if ryx = Ry = rand 7x = 7Ty = 7 then the communication

modes are given by

+ 2\1=4
mn ()(, y) = w exp i 2kz X2 + y2
T
0 1 (2.59)
2\1=4 2\ 1=4
HGmn @(1 +4D7) X; (1+4D7) yA
T T

in Alice’s aperture, and similarly by

2\1=4
mabcy)= SR T o i K ey
R 27
0 2\1=4 2\1=4 ! (2'60>
G, @ADL +4DY !
R R

at Bob’s aperture, where we have defined the two dimensional Hermite-Gaussian

functions

HGmn (X;y) HGR(X) HGL(Y): (2.61)

These modes have a power coupling efficiency given by the eigenvalues

> 1+2D Lk v et
+ F:2D + F;2D
mn = m n= tirmn = % g ; (2.62)
2De2p
where
Drop = Dex  Dey = Dlg (2.63)

is the usual (two dimensional) Fresnel number product.
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We can use the expression for the power efficiencies ., given by Eq. (2.62) to
compute the informational capacity of the channel. For communication using single

photons the capacity as given by Eq. (2.18) is

X
CU® = P2 (@n) mn log(p*® (an))

m;n ! 0 1

= exp 1 o log@exp 1A (2.64)
m;n min mn

I 0 11

X

— 1+m+ .

= XD i 1t mr‘Iog@expt“ﬁ 1A,

where is the Lagrange multiplier that must be chosen such that the probabilities

are properly normalized.

There is no simple analytic formula for in Eq. (2.64), so one must resort to using

numerical methods such as by minimizing the error function

0 12 0 | 12
X X
0) @1 pmn () A = @1 exp 1A: (2.65)

m:n m;n

t1+m+n

The results of numerically computing the channel capacity from Eq. (2.18) for a range
of values for the Fresnel number product Ng.op are plotted in Fig. 2.4. As is shown in

the figure the capacity can be expressed as

1
CQKD é |Og(D|:;2D): (266)
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Channel Capacity
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Figure 2.4: Plot of the single photon channel capacity for a free-space channel with
apodized apertures encoded using the Hermite-Gaussian communication modes of the
channel as given by Eq. (2.64). Also plotted (dashed lines) for comparison are the
plots for l0g(Dg:2p) and %Iog(DF;ZD).

The classical channel capacity given by Eq. (2.23) is simply logN, where N is

the number of modes with efficiencies greater than j,. This means we are only

considering modes HG,.n such that

N = t1+m+n >

min -

The maximum value of Npax such that m+ n <N a« is given by

m

— $1+N
in = t max |

_ 1og( min)

Nmax = 7log(t)

(2.67)

(2.68)
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NO

max

NO

max

Figure 2.5: A configuration space diagram of Hermite-Gaussian communication modes

HGmn. The red area indicates those states for whichm+n N2 .

The total number of modes N is given by counting all the modes HGn., such
that m + n <N o which is shown diagramatically as the modes in the red region in

Fig. 2.5. This is equivalent to

X
= 1
m+n<N 5 1
%ax Nm)Q< m
m=0  n=0 (2.69)
Nowe
= Nmpax M+1
m=0

1
= E(N r(r)1ax + 2)(N r?qax + 1);
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where N2

max = PNmaxC is the largest interger less than Nmax. Therefore the channel

capacity is

. 1 '
Cclassmal — Iog é(N 0 + 2)(N r(r)1ax + 1)

max

0 ! 1 (2.70)
Iog @} |09( min) + |09( min)A .
2 log(t) log(t)

Channel Capacity

0 20 10 60 80 100
De.2p

Figure 2.6: Plots of the classical channel capacity for a free-space channel with
apodized apertures encoded using the Hermite-Gaussian communication modes of the
channel for various threshold values min. Also plotted (dashed lines) for comparison
is the plot for l0g(Dg:2p).

The classical channel capacity was computed and the results are plotted in Fig. 2.6.
The capacity was plotted for a range of values for pjn from 0.1 to 0.4. In addition a

dashed curve representing 10g(Dg.2p) is also shown. As can be seen a threshold value
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of min = 0:25 gives a capacity that is close to l0g(Df.2p), while smaller values of min

give larger capacities and vice versa.

2.5.2 Hard rectangular apertures

Although the Gaussian apodized pupils given in Eq. (2.41) allowed us to analytically
solve the one dimensional eigenequations of Eq. (2.38), a more realistic situation is to
have hard apertures. For hard apertures with Cartesian or rectangular symmetry the

(one dimensional) pupil functions are given by

Pr(x) = rect X and Pgr(X) = rect X ; (2.71)
Lt Lr

where rect(X) is the rectangle function defined as

8

< 1 f - - < l
rect(x) = . oriX S 2 (2.72)
- 0 otherwise

We can see immediately that Lt and Lr are the characteristic lengths based on

Eq. (2.40) as
z z z

P(x) 2dx= P(X)dx = rect % dx = L: (2.73)

This system also has the simple (one dimensional) Fresnel number product as given in
Eq. (2.39) of

(2.74)
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Now again we must compute the kernel K1p by plugging the pupil expressions

into Eq. (2.36). Doing this gives

Pr(x)P(x9 “

Kip(x;x9 = - Pr(xgr) %€ 20 R)2 g5 (% R)? gy
X x9 7 |
_ fect - rect g2 ract KR dbeoc e gy
Z I—R
! (2.75)
r X r x° !
_ ect Ly ect LT dixox Z)LRsinc L—R(x x%
z z
X x° o
_ rect - rect {- o & (x%2x )L, sinc DFx x?
z Ly

where the function sinc(x) is defined to be

: in
sinc(x) sin(x ): (2.76)
As we did before, we make the substitution
K !
x)= Xexp i =—x* ; (2.77)
2z
which gives us the real-valued eigenequation
i ko2 Z
m m()= €2 Kip(xx9) m(x9
| | |
D X . X X
= “Frect — rect — sinc Dg 0 (x9 dx®

L+ L+ L+
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The solutions to Eq. (2.78) are known as the prolate spheroidal wavefunctions

(PSWs) [23]. Writing Eq. (2.78) in standard form [24] gives

, Z1 ¢t s)

2R5:m (€;1)Som(cit) = sinc So:m(cC; S) ds; (2.79)
1
which is equivalent to Eq. (2.78) with the substitutions
2x0 2X D¢
= r; t= r; c= > ;
T T (2.80)
R5m(ci1) = D—m; and  O(t) = Som(c;t):
F

The functions Sy (C;t) and Rpn (C;t) are known as the angular prolate spheroidal
and radial prolate spheroidal functions respectively. These functions are solutions of

the differential eigenequation [24]

d?u du m?
(t? 1)W+2t&+ ct? 71 UT mal; (2.81)
where
8
SSmn(cit) forjt 1
U (i) = omn (@0 fordi L (2.82)

"Rmn(c;t) forjtj 1

Our eigenvalues, which are related to the radial prolate spheroidal functions, are

given by
!

D
Fo1 o (2.83)

2

m = DFR(Z);m(C; 1) = DFRg;m
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Figure 2.7: Plot of the transmission efficiencies p, for a free-space channel with hard
apertures encoded using the prolate spheroidal communication modes of the channel.
The efficiencies display a sharp cutoff for m > D .

A plot of , is given in Fig. 2.7. Generally, , falls off very rapidly for m  Dg.
Therefore, for systems with D > 1, the eigenvalues are well approximated by the

step functions g

<1 form<D¢g

™7 0 otherwise

(2.84)

For Dg 1 we only have approximately one mode which is transmitted with an

efficiency

De: (2.85)

It is a general feature of systems with hard apertures to have an abrupt cutoff in the

transmission of spatial modes as one goes to larger spatial frequencies [25]. This can
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be simply understood using Abbe’s model of diffraction in which optical propagation
between pupils is understood in terms of geometrical optical rays [20]. Each ray leaves
the aperture at a different angle with larger angles being associated with larger spatial
frequencies. The light that can be collected after the second pupil is simply the sum of
all spatial frequencies that are within the solid angle of the pupil. Since the aperture
has a hard edge, there is a hard cutoff in the angle of the rays that make it into the

aperture. This is represented diagrammatically in Fig. 2.8.

Figure 2.8: Schematic representing Abbe’s model of diffraction in which a field at a
pupil can be represented by a set of geometrical rays representing the different spatial
frequency components of that field within the first aperture. The second aperture
blocks the rays representing the high order spatial frequencies while leaving untouched
the moderate and low order frequencies.
. P
The sharp cutoff in the spectrum of ,,, as well as the fact that = D¢,

means that we essentially have Dg good modes to communicate with nearly lossless

transmission. For a classical channel this gives a capacity of

Celessed = log(D ¢ ): (2.86)
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We expect this also to be the case for communication with single photons. Again we

use the expression in Eq. (2.18) for communication using single photons given as

CHP = PP (@m) m 10g(p*® (am))
Xm ! 0 11 (2.87)
= exp — 1 log@exp — 1 A;
m m m

and solve for the value of that properly normalizes the probabilities. The results are
plotted in Fig. 2.9 along with log(Dg) (as the dashed line). As can clearly be seen,

the two are nearly identical and thus to a very good approximation we can claim that

CKP =og(D¢): (2.88)

We have also uptained the eigenfunctions to Eq. (2.78) which are given by

! !
De.2x exp | K (2.89)

= S..
m(X) o,m 2 ’ LT 22

at Alice. Repeating the procedure to find the modes at Bob gives us the kernel K 2,
in the eigenequation for , that is identical to the complex conjugate of K 1p if we

make the substitution

Lt! Lg: (290)
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Channel Capacity

0 20 10 60 80 100
De
Figure 2.9: Plot of the single photon channel capacity for a free-space channel with

hard apertures encoded using the prolate spheroidal communication modes of the
channel (Eq. (2.87)). Also plotted (dashed lines) for comparison is the plot for log(Dg).

Therefore the communication modes at Bob are simply

| |

D ¢ 2X. .k 2.
;— — : 2.91
2 Ln exp X (2.91)

m(X) = So;m

The functions Sg;m D g=2;2X=L are real and continuous and have exactly m
zeros within the aperture (i.e. for x 2 (L= 2;L=2)) [24]. These eigenfunctions are very
similar to the eigenmodes that were derived in section 2.5.1 (Egs. (2.55) — (2.56)), and
for mode numbers m  Dg, the two sets of modes are nearly indistinguishable [26].
Plots of the communication modes for a system with a (one dimensional) Fresnel

number product of Dg =5 are shown in Fig. 2.10 for the modes with non-negligible
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Figure 2.10: Plots of the prolate spheroidal wavefunctions that act as the commu-
nication modes for a system with hard apertures and a Fresnel number product of
De =5. In addition the Hermite-Gaussian communication modes of an analogous
channel with Gaussian apodized apertures are plotted (dashed lines) in order to show
the close similarities between the two sets of modes.

transmission efficiencies . In addition the Hermite-Gaussian modes for a system
with identical Fresnel number product and aperture size L = P are superimposed

as the dashed line demonstrating the similarities between the two sets of modes.
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2.6 Cylindrical apertures

The second type of geometry we consider is one in which the pupil functions are

cylindrically symmetric, i.e.

PT(r) = PT(r) and PR(r) = PR(I’), (292)

where r jr j. The area of such pupils can be given by the one dimensional integral

over I as
2z z
A Pr)?dr=2  P(r)?rdr (2.93)

Such a geometry represents round pupils which is a more typical case relative to

the geometry discussed in section 2.5. Assuming such a geometry, Eq. (2.31) can be

written as
P, (rr)Pr(r2) %% - - _
K(re;rf)= T((T;);(T) Pr(rr) 200 ittt RIP &I 1 RS drg
. ! 77
Pr(rr)Pr(rd) K o o ,
ST (g Pyt Pr(r 2.94
(z)? b5, Ir I r('R) (2.94)

#
kr
exp|7R rrcos(r 1) rlcos(r %) drg:

We can expand the exponential terms in the integral in terms of Bessel functions using
the identity

eiZ COS() — X inein J (Z). (2 95)
n 3 .

n=1
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where the functions J,(z) are the Bessel functions which can be defined by the

generating sequence [27]

%
ezt1=0z = t"3n(2): (2.96)

n=1
Equation (2.95) is known as the Jacobi-Anger expansion and is derived by the substi-
tution t = iexp(i ) in Eq. (2.96). Therefore our kernel becomes

z

P P (r%) i _
K(rvir9) = PEDREE (1) im - pgen) *redr
! 0!z
X g 9gim T3, Krrre 3, k“ﬁ 2 dmm  rqg o
mn z 20 (2.97)
0y ’
= —PT(rT)PTZ(rT)e%(rgzr %)X gmt § 1)
(z) m
z k ! Kr rO!
rsr
2 Pr(rr) 2Jm Z T JIm RT g drg:
Now if we make the substitution
W)= p(r)e’ =t (2.98)
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where we have used the ansatz that all of the azimuthal dependence is due to €

where " is an integer, then our eigenequation (Eq. (2.29)) becomes

7z

w @)= e =T el K19 ., (r9dr®
z z
— PT(r)PTZ(r(ﬁX dlm  giCm 040 ‘;p(r()rodro
(Z) m | |
Z H .
Krgr krgr©
2 Pr(rr) 2Jnm TR I TR rgdrg (2.99)
| |
kK 2 z Krer
-z P (r) Pr(rr) % J:  rrdrg
7 |

.
Pr(r9 p(r9J: kr;r rodr®

We can simplify Eq. (2.99) if we assume that the pupil functions Pt and Pgr are
simply scaled versions with the same functional form. Therefore, we assume we can

write our pupil functions as
Pr(L )= Pr(L r) = P(); (2.100)

where Lt and Lgr are characteristic lengths for the transmitter and receiver pupils
respectively, and is a dimensionless radial coordinate. Now if we rewrite Eq. (2.99)

with the coordinate change

=r=Lt; 9=r%L;; and R = rr=Lg; (2.101)
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then we get

P ‘;p():
7 7 (2.102)
AP () P(r)?I(Cr) rRdr P(9 (9 cr® ¢
where
c= kLtLgr=z: (2.103)

Eigenfunctions of the above equation are also eigenfunctions of the simpler equation

z
w o)== PO P (%€ ? %° (2.104)

This can be shown by applying the integral operator

Z
=P () P()(c) d (2.105)

to Eq. (2.104), i.e.

‘;|oc3 () = ‘2;p ()

VA
=P () PO %)) d (2.106)
VA
P(9 (9 c ® %7
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which is identical to Eq. (2.102) with

g
o

(2.107)

Therefore we only need to solve Eq. (2.104) to find the communication modes.

2.6.1 Gaussian apodized apertures

In order to go any further in solving Eq. (2.104), we need to specify the form of the
apertures. As we did in section 2.5.1, we first consider Gaussian apodized apertures
in order to obtain analytic solutions [21] to gain physical insight and intuition to the

problem. Such apertures are specified by the radial pupil functions

and Pgr(r) =exp 57 (2.108)

N
N

Pr(r)=exp -

—II\)‘
N

Such apertures have areas based on Eq. (2.93) of

0 1

z ) z r 2
Ap-1 =2  Pgr(r) rdr=2  exp@ Ardr=&; (2.109)

2
R=T

and therefore the Fresnel number product of this system is

ARAT R T 2 k R T
= = = : 2.11
FT (2)2 z 2z (2.110)
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The Gaussian widths 1 and g provide natural lengths for the transmitter and

pupil receiver, and so we use

LT: T and LR: R (2111)

for our normalized coordinates as defined by Eq. (2.101). In this case our general

pupil function is simply

P()=exp( 2=2); (2.112)
and Eq. (2.104) becomes
4
wop()= PO PCY (9P °d°
, (2.113)
=e 2 e "2 (9% %°

In addition we have that the scaling parameter C is given by

k
TR =2 Dg: (2.114)

Using a substitution of variables we can write

|
2P 3yt
1+t

e 3( 2+ OZ)J‘(C 0) = e 3Oty )(%)J
) (2.115)
=@+ 9 " (0 o)

n
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where we have used the Hill-Hardy theorem [28] to express the function in terms of
a bilinear expansion using the complete and orthogonal Laguerre functions. These

functions are given by

n!

meF 2Z=2 L (2); (2.116)

n(2) =

where L1 (z) are the generalized Laguerre polynomials which can be written as

ezl gn
n! dzn

Li(z) = e? z™i . (2.117)

The substitution in Eq. (2.115) is true if we have

o tt (2.118)

Solving for t gives

. 1+2D¢ P 154D,

2.11
2D: (2.119)

and

q — — q — —
x= 1+4Dg % y= 1+4D¢ %2 (2.120)
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With this substitution our eigenequation becomes

. oP xyt! P t
s .. = §(X+y ) i:—t R N
e wly)= e Yoavr 2O
=2 x L
=0 IO JK (2.121)
t@pH+)=2
= f JpJ (Y);

where the integration is performed by assuming that ,(x) / {;j (x). We have

therefore found the communication modes which are given by the normalized functions

)= (e’ € s
v 0P 1
1+4D:) . "1¥4D N

_ ( Phn F) Jpj @ . F r2A & el 12 (2.122)
T 0 T

— (1+4_[)F)1=4 LGE@(1+4DF)1=4I’, A ei %rZ
T T

at Alice, where LG;) are the Laguerre-Gaussian functions defined as

LG, (; )= U 2¢€ (2.123)

By symmetry we know that the communication modes at Bob’s aperture are given by

i K

0
1=4 + 1=4
(1%"94_DF7)LG‘) @&r; Adazr (2.124)
R

R

()=
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p:O p:l p:2

Figure 2.11: Plots of nine of the lowest order Laguerre-Gaussian wavefunctions
LGI;( ;) given by the expression in Eq. (2.123). The complex phase information is
represented by the hue of the color in the plots, while the amplitude is represented by
the color’s brightness.

The LG;) communication modes have a power coupling efficiency given by the

eigenvalues

0 P —1 2p+j+1
P P 2D|:

(2.125)

This expression is identical to the expression found in section 2.5.1 for the efficiencies
of the Hermite-Gaussian modes of a square Gaussian apodized aperture given in

Eq. (2.62) if we replace 2p+ j'j by m+ n. This is not a coincidence, however as a
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square Gaussian function also has cylindrical symmetry, i.e.

| | | |
2° 2° 2 2° ’
% exp % = exp EAND exp

—_
N

exp (2.126)

2 2
This additional symmetry is also the reason for the degenerate eigenvalues in either

the HG or LG spectrum. In addition, the LG;, modes can be expressed as a linear

combination of HGp., modes (and vice versa) within this degenerate subspace [29]

spanned by
2p+ jj+1= m+ n+1= constant; (2.127)
le.
. X
LG,(r; ) = Cnin HGmin (X Y): (2.128)
m+n=2p+]

Therefore we know that all the results concerning the channel capacity for a Gaus-
sian apodized channel encoded with LG modes is identical to the results found in

section 2.5.1.

2.6.2 Hard circular apertures

As was done in section 2.5, Gaussian apodized apertures allowed for the analytic
computation of the communication modes but hard apertures provide a more realistic

geometry. For the case of hard apertures, a communication system with cylindrical
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symmetry means we have circular apertures with (radial) pupil functionals given by

Pr(r) = circ T and Pr(r) = circ . ; (2.129)
RT RR

where circ() is the circle function defined as

8

cire() = "l ofor <1 (2.130)
"0 otherwise '

These pupils have the obvious areas of
Ar=t = R 1) (2.131)

and therefore such a channel has a Fresnel number product of

| |
_ ARAT . RgRr °_ kRrRr °
=y : = - : (2.132)

De

The circular widths Rt and Rg provide natural lengths for the transmitter and

pupil receiver, and so we use

LT = RT and LR = RR (2133)
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for our normalized coordinates as defined by Eq. (2.101). In this case our general
pupil function is simply

P() =circ() (2.134)

and Eq. (2.104) becomes

Z
w ()= P () P( () “n( ()J‘(C O) °d °
Z
= circ( ) 01 w( 9J:(c® % ¢

(2.135)

where our scaling parameter C is given by

=2 Dg: (2.136)

The solutions to Eq. (2.135) are known as the circular prolate spheroidal wavefunc-
tions (CPSW), and are the cylindrical analog of the PSWs found in section 2.5.2 [26].

Writing Eq. (2.135) in standard form [30] gives

219
()= . 0.( 93¢ %d © (2.137)

which is equivalent to Eq. 2.135 with the substitutions

()= () p_; and  p =" Cop = (2.138)
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The functions ' () are known as the generalized prolate spheroidal functions and are

also solutions of the differential eigenequation

d* d' 1=4 2
(2 1)F+2 Tt c? = (2.139)

which is identical to the differential equation for the prolate spheroidal functions given
in Eq. (2.81) except for the (1=4 “?)= 2 term. Finding numerical expressions for
" () is computationally intensive, although there exist approximations that make the

problem more tractable [31].

We have therefore found the communication modes which are given by the functions

H kr2

()= (e felz
p(rERT ) ¢ k2
R )y o g (2.140)
r=Rt

K r2
ZI’

= CPSW-,(r=Rt; )e' z

at Alice and

() =CPSW . (r=Rg; )e‘%r2 (2.141)

at Bob. We have defined the CPSWs as

CPSW.,(; ) i g (2.142)
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p:O p:l p:2

Figure 2.12: Plots of nine of the lowest order CPSWs given by the expression in
Eq. (2.142) for a system with hard apertures and a Fresnel number product of
De = 25. The dotted white lines represent the edge of the aperture. The complex
phase information is represented by the hue of the color in the plots, while the
amplitude is represented by the color’s brightness. These modes have the same scaling
as the LG modes plotted in Fig. 2.11 in order to show the close similarities between
the two sets of modes.

Plots of the communication modes for a system with hard circular apertures and
a Fresnel number product of Dg =25 are shown in Fig. 2.12. It was demonstrated
in section 2.5.2 that the PSWs communication modes of a system with hard square
apertures are very similar to the HG modes of the analogous system with Gaussian
apodized apertures. In the same way a comparison of Fig. 2.12 with Fig. 2.11 shows
that the CPSWs can be closely approximated by the LG modes of an analogous

apodized system.
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N N

Figure 2.13: A configuration space diagram of CPSW communication modes. The red
area indicates those states for which 2p+ jj N.

As was discussed in section 2.5.2, we expect the transmission efficiencies -, to
be approximately equal to unity up to some sharp cutoff in the modal indices ("; p)
due to Abbe’s model of diffraction between apertures. We know from section 2.5.1
that the maximum spatial frequencies of mode ("; p) is related to the quantity 2p+ jj,

therefore we expect 8

<1 for2p+jj N

) ) X (2.143)
- 0 otherwise

P

where N is some number related to the total number of modes the communication

system supports.
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Figure 2.14: Plot of the transmission efficiencies -, for a free-space channel with hard
apertures encoded using the circular prolate spheroidal communication modes of the
channel. The efficiencies display a sharp cutoff for 2p+ jj >N which is represented

by the dashed line.

The total number of modes such that Eq. (2.143) holds true is approximately D

and thus

Dr

X
1
2p+J‘JN0 1
W% Ny2p
p=0 =(N 2p) (2.144)
&:2
= 2(N 2p)+1
p=0

= ;(N +1)(N +2);

which is represented diagrammatically as the red region in Fig. 2.13. Inverting this

equation gives

N

NI

 —— q
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A two dimensional plot of -, is shown in Fig. 2.14 showing the accuracy of Eq. (2.143)
(represented by the dashed line) compared with the actual numerically computed

values.

2.7 Orbital angular momentum of light

The communication modes derived in section 2.6 are orbital angular momentum
(OAM) eigenstates of light as will be demonstrated in this section. This is due to
azimuthal dependence of the beam being described by the € phase term. Such
beams are sometimes known as vortex beams with topological charge equal to = due
to the fact that the phase is singular at r = 0 with a topological winding number of °

about the optical axis [32].

As the “vortex” name suggests, there is a rotation of the field that is responsible
for the existence of angular momentum in the beam. This can be seen if one considers

the wavefronts of the beam. The phase of a vortex beam has the form

phase kz+ 7 ; (2.146)

which for surfaces of constant phase, will rotate about the optical axis with period
=" . A plot of the wavefronts of the states = 2 [ 3;3] are shown in Fig. 2.15 which

clearly show the rotational nature of the wavefront of these beams.
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Figure 2.15: Plots of the seven lowest order Orbital angular momentum states of light.
The top row shows states with negative topological OAM charge while the bottom
row shows plots of states with negative charge. Two dimensional slices are presented
at Zz=0 and z= , while only the surface with phase equal to zero is shown between
these two planes. Phase of the beams is represented by the color hue, while amplitude
is represented by the color’s brightness.

2.7.1 Rotational eigenmodes
In section 2.6 we made the ansatz that the azimuthal dependence of the communication

modes of a system with circular apertures was completely described by the term € .

This is due to the fact that the system has cylindrical symmetry about the optical z














































































































































































































































































	Title Page
	Dedication
	Biographical Sketch
	List of Graduate Publications
	Acknowledgments
	Abstract
	Contributors and Funding Sources
	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Shannon Information Theory
	Quantum Cryptography
	Communication with quantum states
	Quantum key distribution


	Theory of spatial mode communication
	Diffraction limited communication
	Communication modes
	Channel capacity with communication mode encoding
	Communication modes of a free-space channel
	One dimensional apertures (square geometry)
	Gaussian apodized apertures
	Hard rectangular apertures

	Cylindrical apertures
	Gaussian apodized apertures
	Hard circular apertures

	Orbital angular momentum of light
	Rotational eigenmodes
	Angular momentum of an optical field


	Implementing spatial mode communication
	Spatial mode generation
	Phase only spatial light modulation
	Binary spatial light modulation
	Rapid generation of spatial modes
	Generation of modes with arbitrary spatial coherence

	Spatial mode detection and discrimination
	Projection measurements of spatial modes
	Mode sorting of spatial modes

	OAM QKD

	Communication with a noisy channel
	Atmospheric turbulence
	Thin-phase turbulence
	OAM encoding with thin-phase turbulence
	Plane-wave encoding with thin-phase turbulence

	Thick turbulence
	Simulating thick turbulence
	OAM encoding with thick-phase turbulence


	Conclusions and Future Work
	References

