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Abstract

The area of waveguide quantum electrodynamics plays a significant role in many quantum
technology applications. Photonic waveguides can be used to coherently transport photon

pulses and can also efficiently increase the light-matter interaction strength.

The work done by Shen and Fan [1, 2] on the propagation of a photon pulse in a 1-D
waveguide coupled to a single two-level emitter shows that a photon pulse can undergo
complete reflection or transmission through the waveguide by controlling the coupling

strength between the atom and the guided photon.

We propose a V-type atomic system embedded in a 1-D waveguide and study the
properties of an incoming photon pulse in the waveguide. We show that the driving field,
which couples one of the atomic transitions, can be used as a controlling parameter to
allow the photon pulse to be reflected or transmitted through the waveguide. As the
reflection and transmission of the incident photon pulse can be externally controlled in
our system, in comparison to the system suggested by Shen and Fan [1, 2], the proposed

system in this thesis is more practiced than the system [1, 2].
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Chapter 1

Introduction

The ability to control and manipulate the interaction between atoms and photons de-
pends highly on the environment conditions. Photonic waveguides [3-5] are very good
candidates to significantly increase the coupling between atoms and photons, which opens
the door for important applications in many research areas such as quantum computing
and quantum communications. Different schemes have been introduced to couple quan-
tum emitters to photonic waveguides for various purposes such as efficient transport and

control of light pulses through waveguides and photon routing [6-12].

The propagation of a single photon pulse in a 1-D waveguide coupled to a two-level
atom has been proposed [2, 13-16]. The incoming photon pulse can be completely re-
flected when the frequency of the pulse is in resonance with the transition frequency of
the atom. The coupling strength between the atom and the guided photon also plays a

significant role in reflecting or transmitting the incident photon.

Exploring the propagation of a photon pulse in a 1-D waveguide coupled to different
types of three-level atomic systems have been considered [17-21]. Most of the existing
schemes that use three-level atoms only consider the static solution of the problem [2],
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which for example does not allow one to see the time-dependence of the reflectivity and

transmittivity of a photon pulse.

In this thesis, we consider the dynamical theory of the propagation of a photon pulse
in a 1-D waveguide coupled to a three-level atom, where one of the atomic transitions in
the atom is coupled by an external coherent field. We show that the frequency of this

field can be used to control the reflection and transmission of the incident photon pulse.

The thesis is organized as follows. The second chapter reviews the necessary mathe-
matical foundations of the work presented in this thesis. The third chapter is a review
of the important results of the atom-filed interaction problem in quantum optics. In the
fourth chapter, we study the transport of a photon pulse in two parallel waveguides cou-
pled to a single two-level atom. In the fifth chapter, we explore the original contribution
of this thesis, the propagation of a single photon pulse in a 1-D waveguide coupled to
a three-level atomic system. Finally, we give a summary of the work presented in this

thesis.



Chapter 2

Theoretical Framework

This chapter briefly discusses the foundations of the electromagnetic theory both classi-

cally and quantum mechanically.

2.1 Classical Treatment of the Electric Field

In this section, we present the basic mathematical steps to get the wave equation using
the electromagnetic theory, which describes the propagation of the electromagnetic field.
In the absence of any source, Maxwell equations which describe the electric and magnetic

field are given by [22]

V-E=0, (2.1)
V-B=0, (2.2)
dB
) D — 2.
V X e (2.3)
dE
V X B= /L()EO%, (24)



where E and B are the electric and magnetic field vectors, respectively. The constants
€0, Mo are the electric permittivity and the magnetic permeability of free space. We can
derive the equation of motion of the electric field E by decoupling the magnetic field B

from Eq.(2.3). We assume that the wave travels in a vacuum. Using Eq. (2.3), we write
d
VXV XE-= _E(V X B). (2.5)

By using the vector identity V X V X E = —V?E 4+ V(V - E) and Eq. (24) it is

straightforward to derive the wave equation of the electric field E as

1 °E
2 —
VE - 5o =0, (2.6)

1
VR0€o

where ¢ = is the speed of light in a vacuum. Similarly, the wave equation of the

magnetic field B is given by
1 d*°B

2
B_
v c? dt?

= 0. (2.7)

2.1.1 Vector Potential

The magnetic field in Eq.(2.2) can be written in terms of a vector potential A as

B =V x A. (2.8)

If we substitute Eq.(2.8) into Eq.(2.3), we obtain

V x (E+ %) =0. (2.9)



Now, by considering an arbitrary scalar function ® and using this relation V X V& =0

(23, p. 121]. In detials, the gradient of the scalar function V& = (g—f, g—j, g—f), therefore

VXVd= (22 0% 00 02 0 0v)_( \ith the help of Eq.(2.9) we obtain
E=—-——-V0o. (2.10)

By substituting Eq.(2.8) and Eq.(2.10) into Eq.(2.4), we get

%(1A+vq>)_ (2.11)

1
2 dt

C

VXVXA=-—

Using the vector identity V X V X A = —V2A + V(V - A), the previous equation can

be reduced to the following form

1 d*A 1 dP
—Z = LA =), 2.12
2 V(V-A+ ) (2.12)

2
—V°A
v c? dt

Now, gauge transformation plays an important role in reducing Eq.(2.12) to a simple

format. Choosing Lorentz gauge, i.e., V - A + 59 = 0, transforms Eq.(2.12) to

c2dt

1PA

2
~ VAt S =0, (2.13)

The other type of a gauge transformation is the Coulomb gauge V.A = 0, using Eq.(2.1)

and Eq.(2.10) one obtains

dV.A

T Vi =0 (2.14)




The expression above can be reduced to

V20 =0 (2.15)

2.2 Classical Hamiltonian of an Electric Field

The vector potential A(r,t) can be written as the sum of all possible modes in a cavity.

A(r,t) =) Appe’tred), (2.16)
k A

From Eq.(2.8) and Eq.(2.10) we can write the electric and magnetic fields as

E(’I‘,t) = ZZQ}C’)\Eh)\(T,t), (217)

k
B(r.t) =Y 3 =B 1), (2.18)
k A

where the amplitudes in the previous equations are related by

Epa(r,t) = iwg [Ah,\ei(k""’”’ft) + c.c] (2.19)
Bk,)\('f’, t) = zwk [Ak)\ei(kq‘iwkt) + C.C] . (220)
c
The amplitude A, can be written in terms of canonical variables p and ¢ as

1 1 .

k= (2%60‘/)2 [weqr + ipr], (2.21)
. I 1 :

A = (2wkeoV>2 Wik — ipi]- (2.22)



The classical Hamiltonian or the energy of the electromagnetic field is given by

H= %/[60|E(T, > + i|B(r, t)|*]dv. (2.23)

v

The Hamiltonian we can eventually become [24, p. 22]

(P} + widi) (2.24)

l\DI»—t

L

where w is the angular frequency.

2.3 Quantum Treatment of the Electric Field

In the late 19th century, some phenomena were successfully explained classically, such
as the photoelectric effect [25, p. 20]. In contrast, other effects could not be dealt with
in a classical way, such as the result of the Michelson-Morley Interferometer experiment.
Plank proposed to quantize the energy using the harmonic oscillator as a model without
quantizing the electric field E. In the previous section, we got the Hamiltonian of the
classical field and we write Hamiltonian using the canonical variables p and ¢ [26]. In
the next section, we introduce the concept of operators in quantum mechanics in order

to proceed to the quantization of the electric field.

2.4 Operators

Moving from the classical treatment to the quantum treatment, we need to introduce the

concept of operators. Operators in quantum mechanics play a significant role, in which



an operator A acts, for instance, on an arbitrary state vector la) and then transforms it
to another state |b) [27, p.16]. Any quantum system with a dynamical variable such as
momentum or energy gives information about the quantum system [28, p.39]. These vari-
ables are known as observables. Therefore, each dynamical variable has a corresponding

operator.

2.5 Quantization of the Electric Field

We start with the simple cavity that is subjected to a field. This field can be a single-
mode field or multimode fields. Following the traditional way of introducing the canonical
variables ¢ and p and then replacing them with quantum operators, each variable has

a corresponding operator ¢ — ¢ and p — p. Therefore, the vector potential in Eq.2.16

1
Apa(r,t) = 4/ i + ip 2.2
(7, t) SoncaV Wk + iPra] (2.25)
. 1 . .
(T, 1) = SRAPNT: [Wrdkr — 1Pra) (2.26)

Operators should satisfy commutation relations

transfers to

[Gx, ﬁk’)\/] = thdy 0,y (2.27)

In addition, these operators should satisfy the canonical commutation relations

[, p] = inl, (2.29)



where [ is the identity operator. Now, let’s define the operators that represent the photon

in quantum mechanics.

These are the annihilation operator a and creation operator a' [29, p.132]

R 1 . =

agy = Toon (WGra + PDEA)s (2.30)
1

al, = Jin — 0P 2.31

Qg i (kakA ZpkA) ( )

y

4

. ho. .
Gox = —2wk( L+ ), (2.32)
p=1 Tk(a,tA — @y. (2.33)

A first step to quantize the electric and magnetic fields is to quantize the amplitude A ».

h

AkA(r, t> - 2wk€ov

[CALk’)\ei(k'T_wkt) + HO] . (234)

The electric field can be found using E = —% and the magnetic field can be found using



B = (V x A). The total electric and magnetic fields can be expressed as

E(r,t) = E*(r,t)+ E~(r,1), (2.35)
B(r,t) = B*(r,t) + B~ (r,t), (2.36)
where
, Fcor, .
E*(r,t) = g pe T 2.37
(r,1) ;ek,)\ QGOVCLk’/\e ) ( )
ks heoy, AT i(kr—wyt)
E~(r.t) = ;eh,\ QEOV%”\e ) (2.38)
A h ‘
Bfrt)=) k \/ g e~ BT t) 2.39
(r,1) ; X €k, 2€0wkvak,)\e 5 ( )
A h .
— . ~Ti(k.r—wgt)
B~ (r,t) = kz/\:k X € 2eokaak’Ae R, (2.40)

H = hw(aa' + =), (2.41)

where w is the frequency of the photon and A is Plank’s constant. @ and a' are the

annihilation and creation operators of the photon, respectively.

10



Chapter 3

Treatment of Atom-Field Interaction

3.1 Semi-Classical Treatment of Atom-Field Interac-
tion

In this section, we present the semi-classical treatment of atom-field interaction problem
[25]. In this treatment, the field is assumed to be classical, while the atom is treated
quantum mechanically. We consider a classical electromagnetic field interacting with a

two-level atom as shown in Fig. (3.1).

The quantum state of the atom can be written as

b(t) = Ce(t) [e) + Co(t) |g) (3.1)

where |e) is the excited state of the atom with the corresponding probability amplitude

Ce(t). |g) is the ground state of the atom, and C,(t) is the probability amplitude, which

11



19)

Figure 3.1: A single two-level atom with a transition frequency w,, interacting with a
classical field with frequency v.

corresponds to this state. The system’s Hamiltonian can be defined as

Htot = Hfree + Hint> (32)

where H .. represents the free part of the Hamiltonian (unperturbed), and H;,,; describes
the interaction part of the Hamiltonian. Using the completeness relation |e)(e|+|g)(g| = 1

[30], Hree can be written as

Hyree = (le)e] + |gXgl) Hree(leXe] + [g)gl)
(3.3)

= hwe |e)e] + hwy [g)Xg],

where fw, and hw, are the energies of the excited state and the ground state of the

atom, respectively. Similarly, the interaction Hamiltonian H;,; can be written using the

12



completeness relation as

Hiny = —eyE(t)
Hiny = —e([e)e] + [gXgl)y(leXel + lgXg)) E(t) (3-4)

= (kb0 + (o 1) D)) £

where p., = (e|y|g) is the dipole moment and y is the linear polarization direction of
the electric field. Where the diagonal matrix elements of y vanish (g|y|g) = 0 same as
(e|yle) = 0. The applied electric field can takes the form, E(t) = e cos(vt) where v is
the frequency of the field and ¢ is its amplitude. Using the time-dependent Schrodinger
equation along with the total Hamiltonian and the wavefunction Eq.(3.1), the equations

of motion for the amplitudes C. and Cy are given by

dC. (1)

s —iweCe(t) + iQre ™" cos(vt)Cy (1), (3.5)
dc;;’t(t) i, Cy(8) + Qe cos(vt)CL (1), (3.6)

where Qr = (peye/h) is the Rabi frequency and 6 is the phase of the dipole matrix
element. In order to solve the coupled differential Eqgs.(3.5) and (3.6), we introduce the

slowly varying amplitudes [25, p.152]

Ce = Cpe™e! (3.7)

cg = Cye™st. (3.8)

From equations (3.5)-(3.8), it is straightforward to show that the equations of motion for

13



the slowly varying amplitudes are given by the following expressions

Qp ., . .
¢, =i 5 e z@ez(we wg)tcg(ezvt+e wt)

(3.10)
Qr i

where we; = we. — wy. in the previous equations, we see terms that have oscillating
functions of the forms e*@estv)t and e*wes=v)t Here, we can apply the rotating wave
approximation [31] where we can neglect the fast oscillating terms. These are the terms

that are accompanied by e*«est*)? By solving Eqs.(3.9) and (3.10) we get
eolt) = (0 HORHHer=oP0/2 | =i+ leg=)?0)/2) gileg—0)t/2. (3.11)

Cg(t) — (C ei(QRZJr(wegfv)?)/z +d efi(QR2+(weg7v)2)/2)efi(wegfv)tﬂ, (3_12>

where the constants a, b, ¢, and d can be expressed in terms of the initial conditions of

the two-level atom. For simplicity, we define A = w., — v and Q = /Q% + (wey — v)%

From Egs.(3.11) and (3.12), we get

&(0) =a +b : (3.13)

(3.14)

Similarly, from Eqs(3.9) and (3.10), we get ¢.(0) = 973619 and ¢,(0) = QTReia. Therefore,

14



we can express the constants a, b, ¢, and d as

1 —i
a= 5[(Q — A)ce(0) + Qre ey (0)],
1 —if
b= Gl(Q+ A)ee(0) — Qre™ ey (0)],
€= é[m + A)cg(0) + Qrece(0)],
d= é[(n + A)e,y (0) — Qpee, (0)].

By substituting the constants a, b, ¢, and d into Egs.(3.9) and (3.10), we get

calt) = [cem) [(%) -2 n(%)} +i20e0g,(0) n(%)} G2,

cy(t) = [cg(O) {cos(%) + %sin(%)} +i%e_wce(0) sin<%)}e—mt/2.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

From the previous solutions of the probability amplitudes c.(t) and ¢,4(t), we can calculate

the probability of finding the atom in the ground state or the excited state. If the atom is

initially in the excited state, i.e., ¢.(0) = 1 and ¢,4(0) = 0, then the probability of finding

the atom in the excited state when, i.e, A =0

P.(t) = |ce(t)]* = cos® (%»

Another quantity we can find is the population inversion, which is given by

W(t) = le.(t)]* — ley ()],

W(t) = cosz‘(%) _ siHZ(%).

15
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1.0

0.8

0.61

P(t)

0.41

0.21

0'00 5 10 15 20 25 30 35
Qt

Figure 3.2: Excitation probability of a single two-level atom initially prepared in the
excited state |e) with A = 0.

At resonance, A = 0 and = Qp, therefore the inversion reduces to the following

expression
W (t) = cos(Qgt). (3.23)
1.0
0.5
= 0.0
—0.57
-1.0

0 5 10 15 20 25 30 35
Qt

Figure 3.3: Inversion of a single two-level atom initially prepared in the excited state |e)
with A = 0. The inversion oscillates between -1 and 1.
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3.2 Quantum Treatment of Atom-field Interaction

In this section, we present the quantum treatment of the interaction between two-level

atom and a single mode field [32].

We start by writing the Hamiltonian of the total system in the dipole approximation
as

Htot - Hatom + Hfield - 6T~Ea (324>

where Hyom = hwe |e)(e| + hw, |g)(g] is the Hamiltonian of the atom with w, and w, rep-
resenting the energies of the excited state and the ground state of the atom, respectively.
The Hamiltonian of the single mode quantized field is given as H g = hvata with v
being the frequency of the field. Last term in Eq. (3.24) describes the interaction en-
ergy operator between the atom and the field. Using the basis of the two-level atom, the
atomic dipole moment er can be rewritten as er = > .. e |i) (i| 7 |7) (j]| = e(pegot +pgea—).
Where pge = e(g| 7 |e) is the electric dipole matrix, also o_ = |g) (e| and oy = |e) (g|.
The single mode quantized field can be expressed as E = éc(a + a'), where ¢ is a unit

vector and ¢ is an arbitrary amplitude of the field. Therefore, the total Hamiltonian can

17



be written as

Hiot = hwe |€><€| + hwg |9><9’ + hoa'a + hg(o_ +oy)(a+ &T)a (3.25)

~

Pge-€€

where g = — represent the coupling strength between the atom and the field. The
unit vector € and the polarization which is a linear polarization are taken in consideration

to simplify the calculation. The sketch in Fig.3.4 represents the energy levels of the

system.

Ik

)

Figure 3.4: Two-level atom interacting with a single mode quantized field.

Using the fact that the atomic Hamiltonian can be written as

Hom = seg(eNel ~lgXol) + 5 (wy + o), (3.26)

therefore, we can express the total Hamiltonian to become

h
Hior = Steq0s + hwa'a + hg(o_ +oy)(a+a'), (3.27)

where o, = |e)e| — |¢g)(g] and wey = we —w,. The third term of the total Hamiltonian Eq.

(3.27) contains the following four terms

18



o ale)g| —> aoy,
e alg)e| —> a0,
o alle)g] —> aloy,

o alg)e] —> alo_,

where o, = |e)(g| and o_ = |g)e|. By omitting the non-energy conserving terms, i.e.,
ao_ and a'o,. The first term is ao_ in which the atom takes transition from the excited
state to the ground state and lost energy as an absorption of photon. The other term,
a'o, the atom takes transition from the lower state to the excited state and emits photon

the total Hamiltonian becomes.

1 1
H,; = 57:%%9% + EhvdT& + hglaoy +a'o_). (3.28)

The previous form of the Hamiltonian can be used to describe the interaction between
a two-level atom and a single mode cavity field. The total quantum state describing a

single two-level atom placed inside a cavity field can be written as

Y(t) = cenlt)le,n) + cgma(t) g n+ 1), (3.29)

n=0

where |e, n) means that the atom is in the ground state and the cavity contains n photon,
while the state |g,n + 1) describes the case when the atom goes to the ground state
resulting in having n + 1 photon in the cavity. c.,(t) and ¢, ,+1(f) are the associated
probability amplitudes for the system to be in the states |e,n) and |g, n + 1), respectively.

Now, we introduce the interaction picture, which transfers the Hamiltonian to a different
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form

H _ eiHaft/ﬁHintefiHaft/h’ (330)
where H,; = %hwegaz + %hva*a and H;, = hg(ao, + a'o_). Using the Baker-Hausdorff
lemma [33, p.13], we get

H = hg (da+ei(‘”eg_”)t + dTJ_e_i(weg_”)t). (3.31)

Using the time-dependent Schrodinger equation, we can derive the equations of motions
for the probability amplitudes using the Hamiltonian Eq. (3.31) along with the state of

the total system Eq. (3.29). These equations of motions are given by

c.e,n — _Zg \Va/ 22 + ]_Cg7n+1(t)ei(wﬁg_v)t7 (332>
Comi1 = —igV/N + Legp(t)e 1 Wes =0t (3.33)

Initially, we can assume that the cavity contains n photons and the atom is in the excited

state, therefore the solutions of the previous equations of motions are

Cen(t) = cos (g\/n——i—lt>, (3.34)

Cgmt+1(t) = —isin <g\/n——|—1t>. (3.35)

3.3 Weisskopf-Wigner Approximation

In the previous section, the two-level atom is assumed to be isolated inside the cavity and
not subject to any damping process. In this section, we consider that the two-level atom

20



is placed in the vacuum and can interact with the vacuum modes. The Hamiltonian of

this system can be written as
1 1 At on A i(weg—vE)t | AT —i(weg—vk)t
Hip = §hwegaz + 3 Zhvak ay + Z hg(r)| agope" e " 4+ q o_e " “es o)) (3.36)
k k

where we sum over k because the atom is subjected to an arbitrary vacuum mode. As
the coupling strength between the atom and the vacuum modes is spatially dependent.
It can be written as [25] gn(r) = gre”*". If the atom is initially set to be in the exited
state and the field contains no photons, then the time-dependent state of the system can

be written as

Y(t) = Ce(t)ale, 1) + > Cor(t)dx' g, 0x) (3.37)

k
where C,(t) and Cy(t) are probability amplitudes. The equations of motion for C,(t) and
Cy(t) can be derived using the time-dependent Schrédinger equation as mention in the

previous section. The equations of motion are given by

Co(t) =) —igre*reiesIC (1), (3.38)
k
Cylt) = —igere el C (¢). (3.39)

k

By integrating Eq.(3.39) and substituting it back into Eq.(3.38), we get

t , ,
Co(t) — C,(0) = —ige™ | e "wes™u)t O (£dt 3.40
g g 0
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where C,;(0) = 0 from the initial conditions. By substituting Eq.(3.40) into Eq.(3.38), we

get

t , ,
€)== lal* [ Cultyear. (3.41)
k 0

If we consider that all frequencies of the modes are very close, we can replace the sum in

Eq.(3.41) by an integral i.e., the Y, changes to 2% OQW d¢ [ ddsind [~ dkk?, therefore,

2V
(2m)

the resultant expression for the equation of motion of C,(t) is

2 [e) t
. 1% N _ Y /
Ce(t) = ——%— v Co(t)e!@eso) (=) gy, 3.42
() = ~graie [ oo [ Culte (3.42)
where the coupling strength is defined as | gk|2 = %00328. According to the Weis-

skopf-Wigner approximation [34], the time-dependent integral in Eq. (3.42) can be di-

vided into three regions:

e ¢ <<t the fast oscillation.
e ¢ >> t there is no contribution to the integral.

e t' ~t then we can change C,(t') to C,(t).

As C,(t') can be replaced by C,(t) around ¢ =~ t, Eq. (3.42) becomes

2 00 t
. ik ) _ o ,
Co(t) = ——2— vd / Co(t)e'@es=u)t=) gy, 3.43

(t) 6%2637160/0 U AU ; (t)e ( )

Because of the small change of v} in the frequency regime vy ~ we,, this allows us to

replace vy, by we, in Eq. (3.43), and to also change the integration limit to start from
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—00 to 0o. Therefore, we get the following form for the equation of motion of C.(t)

Ce(t) _ 69'ug€ / dvk/ Z(Weg_’l)k)(t—t/)dt/’ (3.44)

 6m2c3he

where the previous integrals can be solved analytically. Solving the integrals in the

previous equations gives

_ w3 112
_ _ _Teglge _ 4
Cult) = — 22501 (3.45)

It is straightforward to show that
r
Ce(t) = exp(— §t) (3.46)

3 2
weg/”‘ge
3meghc3

where [' = is the decay rate. The probability to find the atom in the excited state
is given by

Ce(t))* = e, (3.47)

which indicate that the two-level atom exponentially decays with rate I' as shown in
Fig.(3.5).

o © o =
EN o oo o

Excitation Probablility (t)

o
]

©

o
o
N
_h_
o
co

Figure 3.5: Excitation probability of a single two-level atom initially prepared in the
excited state |e) and placed in vacuum.
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Chapter 4

Propagation of a Single-Photon
Pulse in Two Parallel Waveguides
Coupled to a Two-Level Atom

4.1 Linearization of Dispersion

The dispersion of a photonic waveguide [35] is shown in Fig. (4.1), and can be described

by the following equation
wp = 14/ k% + W2, (4.1)

where w,s is a cutoff frequency.

dw d*w
wkzko(k) = wO(k‘o) —+ (%)k%koé‘k -+ (@)kakodk’z -+ ceey (42)
As the focus of this thesis is studying the propagation of a narrow-bandwidth photon

pulse in a single-mode waveguide, the nonlinear part in Eq.(4.2) are not of interest.

If we choose a frequency wqg that is away from the cutoff frequency, then we see that
around the corresponding wave numbers £k, the dispersion can be considered linear [35]
as shown in Fig. (4.1) i.e.,

wi =~ wo + (|k| — ko)vy, (4.3)
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where v, is the group velocity and ko is the wave number which corresponds to the

frequency wy.

L Wk

wo

Y =

kg ko

Figure 4.1: Dispersion of a single mode photonic waveguide. Around 4k, the dispersion
can is considered to be linear. wy is far away from the cutoff frequency. (courtesy of APS
[35])

It is worth mentioning that frequencies that are below the cutoff frequency will not
propagate through the waveguide, whereas frequencies that are above the cutoff frequency

will travel through the waveguide.

4.2 Previous Study

Before we proceed to the problem of a single photon transport in a system containing a
two-level atom coupled to two parallel waveguides, we first present the previous study [13,
36] about the propagation of a photon pulse in a waveguide coupled to a single two-level

atom. The system studied in [13, 36] is sketched in Fig. (5.2).
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The total Hamiltonian of this system is given by

o 4 g)
lec‘ltiﬂm) g

Figure 4.2: Propagation of a photon pulse through a 1-D waveguide coupled to a single
two level atom

Htot - Hfree + Hinty (44>

Where Hy,e accounts for the free part of the Hamiltonian, while H;,, is the interaction

Hamiltonian. The free Hamiltonian is given by
Hfree - h('ueg |6><6| + Z hﬂ}ka;ak: (45)
k

where we, is the atomic transition frequency of the two-level atom and wjy represents
the frequency of the waveguide mode. It is assumed that the ground state sets to be
_i.

zero energy. a(ay) is the creation (annihilation) operator of the guided photon. The

interaction Hamiltonian is given as

A=Y h[g Xl + gie ™"l lgel |. (4.6)
k

where g is the coupling strength between the two-level atom and the guided photon, and
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r is the position of the atom. The total state of the system can be written at any time as

(1)) = C(t)e ™" [e, 0) +Z “ Oy () 19, e (4.7)

where the amplitude C,(t) gives the excitation probability of the atom. Using the time-
dependent Schrodinger equation, we derive the equations of motion for the amplitudes

Ce(t) and C, x(t). These equations of motion are given by

Ceolt) = —i Y Cypr(t)e™ gpe o, (4.8)
k
Coi(t) = —iC,(t)e " r grelent, (4.9)

where dwy, = Wi, — wey. By integrating Eq.(4.9) from 0 to ¢ one can obtain
t N ry
Cyr(t) = Cyr(0) — i / Co(t)e® ot dt’ (4.10)
0

since the atom is initially prepared in the ground state, the single-photon pulse has an

8 )}I _ (keg+8k+kp)?

e Az and by integrating Eq. (4.8) and substituting it

aﬂ
~

amplitude Cy(0) =

into Eq. (4.7), we get

C'fe = —4 ngezkrcgk —zéwkt Z |g |2 —zkzr/ ( ) 0wyt e_wwktdt,. (411)

The sum over k in Eq. (4.11) can be changed to an integral if we consider that the
waveguide is long, ie.» , — % ffooo dk. The previous equation can be solved using

Weisskopf-Wigner approximation as explained in the previous chapter and therefore one
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can obtain

C.(t) = b(t) — =C.(t), (4.12)

where b(t) = 71\/Tl [%0 C,(0)e e=?s!dk. The solution to Eq. (4.12) can be ex-

pressed as it follows [36]

C.(t) = —is[erf(D+ VBt) — erf(D)|e 2", (4.13)
where D = (A — 2Bty)/2VB, t, = o A = =L (ko — keg)vg, B = ATJE’ S —

(2)5, /e At A2 ABeikar erf(x)= 2/\/7 [ e*dt, and A is the width of Gaussian beam

Vg

in the k space. The long time (t — 00) spectra of the right and left propagating photons

can be found by the Fourier transformations as [36]

2i0kv,C, 6k(0)
i =— e 4.14
ot = 00) = = S, T (4.14)
- Cy.61(0)
L — _ p2(katidk)r 9,k 4.1
Cy(t — o0) e —1—2i(5kvg/f" (4.15)

where Cy 51(0) is the initial photon pulse amplitude. The probability for the atom to be
in the excited state is shown in Fig. 4.3 using Eq.(4.13). The atom is initially in the
ground state. It can be seen in Fig. 4.3 that as the photon pulse excites the atom starting

at t =~ 7.5, and the maximum excitation occurs at ¢t = 11.
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(t/T)
Figure 4.3: Excitation probability of a two-level atom placed in a 1-D waveguide. The

atom is at the origin » = 0, and the photon pulse is initially 10/A away from the atom.
Where the width of Gaussian beam A =1 and the v, = 1.

=

Spectrum
b

N

0 : . \II
(k — keg)/A

Figure 4.4: Spectra of the incident (solid), reflected (dotted), and transmitted (dashed)
photon pulse. At resonance, the pulse is completely reflected.
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From Eqgs.(4.14) and (4.15), we can obtain the spectra of the reflected and transmitted
photons. The spectra of the incident, reflected, and transmitted photons are plotted in
Fig. 4.4. At resonance, i.e., k = k¢4, a complete reflection of the photon pulse occurs. In
Fig. 4.5, we plot the pulse shape (intensity) of the incident, reflected, and transmitted
photons with respect to the position of the two-level atom, which is placed at » = 0. The
reflected pulse maintains the same shape as the incident pulse but with smaller intensity,
while the transmitted pulse shows the result of the interference between the incident and

re-emitted photons [36].

0.6 ﬁ

0.57

>0.4-

Intensit
o
w

0.21
0.17

0.0

x(1/4)

Figure 4.5: Pulse shape of the incident (solid) at ¢ = 3, reflected (dotted-dashed) at
t= %, and transmitted (dashed) photon pulse at t = 2. The two-level atom is at x = 0.

>l5 |l
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4.3 Two-Level Atom Coupled to Two Parallel Waveg-

uides

4.3.1 Description of the System

i) e
. — L,

Figure 4.6: A single two-level atom coupled to two parallel waveguides.

In this section, we consider a different system than the one presented in the previous
section. As shown in Fig. (4.6), we consider a two-level atom placed between two parallel
waveguides and coupled to each of them with the same coupling strength. The atom
consists of a ground state |g) with a frequency w, and an excited state |e) with a frequency
w.. We consider a single photon pulse propagating from left in the upper waveguide
(WG1). We study the real time evolution of this system and compare the results to the

system presented in the previous section.

4.3.2 Hamiltonian of The System

The total Hamiltonian of the system can be written as

]:—Itat - Hatom + ]:Iw + ]—Tlmty (416>
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where ]:Iatom and ]:Iw are the atom and waveguides Hamiltonian, whereas I:Imt represents
the interaction Hamiltonian between the atom and the two waveguides. The atomic

Hamiltonian can be written as

A

Hatom = hweg ’6> <€| ; (417)

where w4 represents the frequency difference between the two atomic levels we, = we —wy.

The Hamiltonian of the two waveguides can be expressed as

I:[w = Z hwkldildkl + Z hWdeTkQ&kQ, (418)

k‘l k2

where %k and ky are the modes of the first and second waveguide, respectively. wy,
and wy, are the frequencies of the guided photons in the first and second waveguides,
respectively. &Ll (Gy,) is the creation (annihilation) operator of the guided photon in
the second waveguide (WG1), and Gy, (G, ) is the creation (annihilation) operator of the
guided photon in the first waveguide (WG2). The interaction Hamiltonian can be written

as

Hit = 3 g™ ana le) (9] + hghye™*al, |g) (e]
M (4.19)
+ Y hg,e™ s le) (9] + hgi,e” g, |g) (el
ko

where 7 represents the position of the atom and is set to be » = 0 for simplicity. g,
represents the coupling strength between the atom and the first waveguide (WG1), and

Ok, 1s the coupling strength between the atom and the second waveguide (WG2).
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The time-dependent state of the system can be written as

() = ar ()e™ " |e, g, O, )+ Y Br(t)e ™10 |g, 1y, Ogy) + D mi(t)e %" |g, Oy, 1)
k1 ko

(4.20)
where |e, 0, ,0g,) describes the state of the system in which the atom is in the excited
state, and there is no photon present in either the first waveguide (WG1) or the second
waveguide (WG2). However, |g, 1x,,0,) is state of the system where the atom is in the
ground state and there is one photon in the first waveguide (WG1), and no photon is in
the second waveguide (WG2). The state |g, O, , 1,) describes the case in which the atom
is in the ground state and there is only a photon present in the second waveguide (WG2).

Using time-dependent Schrodinger equation, the equations of motion for the probability

amplitudes can be expressed as

ar(t) = =i 3 gubi)e e =i} gom(ete el (421a)
k1 k?
Bi(t) = —iaa(t) 3 gi e Hredemt, (4.21b)
k1
Y1(t) = —iay (t) Zgz2e—ikrei§wk2t’ (4.21¢)
ko

where dwy, = wk, — Wey and dwy, = wy, — wey. Now, by integrating equations (4-21b) and

(5-19¢) and then inserting them back into equation (4-21a), we get

dl (t) = _Z Z gk1 /61 (O)eik'l’ei(swklt — Z ‘gl%l ’ o (t/>67:6wk1 (t _t)dt/
0
) " (4.22)
= 0) Y gt = Y k| [ ot
k2 0

The atom initially prepare to be in the ground state. Therefore, 51(0) is the initial
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photon pulse, which is incident upon the first waveguide (WG1). £;(0) is our Gaussian

beam in this case. 7;(0) = 0 means that there is no input pulse in the second waveguide

(WG2). g, = @/”29511 and g, = \/”29522, are the coupling strengths between the atom and

the (WG1) and (WG2), respectively. If we consider that both waveguides are very long,

then the sums over k; and ks can be converted to integrals. Therefore, Eq.(4.22) can be

written as
L r o t N ! ’
021(25) _ /Ug 111 / ﬁl zkr —zéwkltdk 1 }9131‘/ dkkl/ &1(t )ezéwkl(t _t)dt
—0o0 0
I'sL . L & t N ! ’
Ug 242 / Zkrefz§wk2tdkk2 . 2_2 ‘9132‘ / dkk2 / ay (t )ezéwkz (¢ ft)dt 7
™ —00 0

(4.23)

where we consider L; = L, = L for simplicity. The integrals in the second and last
term in the previous equation can be solved using Weisskopf Wigner approximation. The

resultant expression for the equation of motion of the excitation probability reduces to

i - /ng1 / B (0)eikreidmtqr, — L /Ugr2 / 0)ettr eidwat g,

Iy +1y)
(1%@1(15)7
(4.24)
where '] = % and ['y = %. By writing a;(t) = 324/%E [°081(0)e*remtdly,
and as(t \/vg S22 i (0)etre®ratdly, , then Eq. (4.24) becomes
r r
a(t) = ay(t) + as(t) — ?104(15) - ?zoz(t). (4.25)

As we only consider the incoming pulse propagating to the first waveguide, then as(t) = 0
st L (keg+0k—kq)?
as71(0) = 0. We consider a Gaussian shape pulse of the form 5,(0)= VAL e
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[37, 38] propagating into WG1, where 6k = k — keg, key is the wave number corresponding
to the atomic transition frequency w4, and ky is the central wave number of the Gaussian
pulse. The solution of the differential equation (4.25) gives the excitation probability of
the two-level atom, which is coupled to the two parallel waveguides. The photon pulse
travels inside the first waveguide (WG1) in which the atom is placed at the origin, i.e.,
r = 0. We choose that ky = k,. At the initial time ¢ = 0 the photon pulse is (1—F0)
away from the two-level atom. When comparing the result of the excitation probability
shown in Fig. 4.7 to the result of the excitation probability of the two-level atom, which
is coupled to a 1-D waveguide [36] Fig. 4.3, it is clear that the atom can reach a larger

probability of excitation than the two-level atom coupled to the two parallel waveguides.
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tr

Figure 4.7: Excitation probability of the two-atom.
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4.3.3 Spectrum

We follow the same method presented in [37] to find the photon spectrum at the long
time limit (t — o0). From Eq. (4-19b), we can write the left and right propagating

modes in the first waveguide (WG1) as

T, . e,
BF(t) = 61(0) — 7/ 21__del(keg+6k)7"/ 061 (t )el§k1vgt dt ,
0

T " (4.26)
Vg ; o s roy,
ﬁf(t) = — %él(keg‘%ﬂﬂ)?‘/ ay (t )ez5k1vgt dt .
0
We now define the following equation
X1(0k1) = / m(t)eiékl”gtdt (4.27)

At the long time limit (f — oo) changes the interval of integration from (0,t) into
(—00,00) where a1 (t) = 0 when t < 0. By taking Fourier transformation for this equation
and putting the results back into Eq. (4.25), we get

(I'y +Ty)

— in((Skl)(Sklvg = a1(5k1> _ 5

x1(0ky). (4.28)

Solving the last equation for y;(dk;), we get

ay(6ky) |
[u ~ sk

x1(0k1) = (4.29)

2
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Using this expression, we can write the spectra of the right and left propagating modes

in WG1 as
BB (1 — 00) = By (0) — iy ToLem ik theary, (5, (4.300)
BE (t — 00) = —i %eiwkwkeg)%((gkl), (4.30b)
5' ..... R
T
S
4-
53
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1_
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-3 -2 -1 0 1 2 3

(k = Keg)/

Figure 4.8: Spectra of the incident, reflected, and transmitted photon pulse.

The spectra of the incident, reflected, and transmitted photons are shown in Fig
4.8. These results agree with the findings of the case of a two-level atom coupled to a
waveguide in Ref. [36]. Adding the second waveguide (WG2) does not change spectra in

Fig 4.8.
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4.3.4 Pulse Shape

Using Fourier transformations, we can calculate the pulse shape of the photon modes by

the following equations

ﬁ(t) — eik:egz / ﬁgﬂ €i6k1(z—vgt)d5k1’ (431&)
() = et / By e~ gy, (4.31b)

where |52 (¢)|? and |8, (¢)]? give the pulse shape of the right and left propagating photons,
respectively. The pulse shape of the incident, reflected, and transmitted photons are
plotted in Fig. 4.9. The atom is considered to be at » = 0. The peak of the transmission
signal is located at x =~ 16 and a small dip in the transmission signal is located at x ~ 14.
The dip in the transmission signal occurs because of interference between the incoming
photon and remitted photon. In the case of two-level atom coupled to a 1D waveguide,
the transmission has a larger intensity in comparison to the current case. We see that

47% of the incident light is reflected, whereas 25% of the incident light is transmitted.
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Figure 4.9: Pulse shape of the incident at ¢t = %,
photon at ¢t = %5 where the coupling strength g = 1.
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Chapter 5

Propagation of a Single-Photon
Pulse in a 1-D Waveguide Coupled

to a Three-Level Atomic System

5.1 Introduction

An incident photon pulse on a 1-D waveguide containing a two-level atom can be com-
pletely reflected or transmitted by controlling the frequency of the guided photon and

the coupling strength between the atom and the waveguide.

In fact, the idea of using a three-level atom in a 1-D waveguide has been considered
[21, 39, 40]. Here, we use a V-type three-level atom in a 1-D waveguide and solve the
dynamics of the system. We show that the reflection and transmission of an incident

photon pulse on the wavegide can be controlled by an external coherent field.
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5.2 The Model

The propagation of a single-photon pulse through a V-type three-level atom coupled to
a single mode 1-D waveguide is shown in Fig. (5.1). The atomic states |e;) and |g) are
coupled to the waveguide photon with frequency wy, where k corresponds to the wave
number of the guided photon. Levels |es) and |el) are coupled by a coherent driving field

with Rabi frequency Q.

Extemay;fi_gld,-:v-'ﬁge—“”t*” We, leo)

p

Incidm

Wy —=———|g)

Figure 5.1: A single three-level atom coupled to a 1-D waveguide.

The Hamiltonian of the system can be written as [21]

H=Hy,+ Hy, (51)

where Hy and H; describe the free and interaction parts of the system’s Hamiltonian,

respectively. The free part of the Hamiltonian is given by
Hy = Fiwe, |e1) {e1] 4+ hwe, |ea) (o] + 1Y wilalay, + blby) (5.2)
0 €1 1 1 €9 2 2 k k k k k),
k

where w,, and we, correspond to the energies of the states |e;) and |es), respectively.
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The creation and annihilation operators for the 3 photon are af and a, while bf (b) is
the creation (annihilation) operator of the - photon. The interaction Hamiltonian of the

system is given by

Hi=n (el el + ¥ ) <gr)+h2 (819 el + % o) (1)

+ h(QRei(Vt+¢) |€1> <€2| + QRB_i(Vt+¢) |€2> <€1| ),

(5.3)

where the first term in the previous equation describes the interaction between the in-
cident photon pulse and the transition |e;) <> |g), while the second term describes the
interaction energy between the states |es) and |g). The coupling strength between the
three-level emitter and the waveguide is g, while r is the position of the emitter. The
third term in Eq(5.3) corresponds to the interaction between the external driving field
and the transition |ey) <+ |e1) where v is the frequency of the field with a phase ¢. The

total state of the system at any time can be written as

Y(t) =at(t)e ™ ey, 05,0,) + a(t)e 2" [e2,05,0,) + > Bu(t)e ™ |g,15,0,)
g (5.4)
+ Z ’Yk(t)e_wkt |g7 037 17) ’
k

where the state |e1,0,0,) ( |e2,0s,0,) ) indicates that the atom is in the excited state
le1)(|e2)) with no photons in the waveguide. However, the state |g,13,0,)(|g,05,1,))
corresponds to the case where the atom is the ground state |g) with 5 () photon in the
waveguide. For simplicity, we assume the energy difference between the states |e;) and
lea) is resonant with the external field. Using the time-dependent Schrodinger equation,

the equations of motion for the probability amplitudes are given by
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A (t) = — iQpea(t) — iy gt B(t)el et (5.5a)

k
Ay (t) = — iQpe P (t) — i Y ge*ry(t)el et (5.5b)
k
Br(t) = — ige” ka1 (t)e i wer—wr)t, (5.5¢)
V() = — ige”*r a2 (t)e i Wezmwr)t (5.5d)

By integrating Eqgs. 5.5(c¢) and 5.5(d), we get

t
Br(t) =6k(0) — ige_ikr/ dt' a® (t')e " wer et (5.6a)
0

t
Y (t) = — ige_“”"/ dt o2 (1) e Weamwr)t (5.6b)
0

where f1(0) is the initial amplitude of the incident photon pulse. We consider that

BMVA  (key +6k—ko)2/A

the initial photon pulse is a Gaussian pulse, i.e., (5;(0) = NI * where

0k = |k| — ke,. By substituting Eq. (6.6) into the equation of motion for the excitation

probability Eq. 6.5(a), we get

t
et (t) _ _iQR€i6a62 (t) _ ZZ |:gﬂ(0)€ikrei5wt _ ’i|g|2/ ol (t’)eiéw(t—t’)} , (57)
k 0

where dw = w,, —wg. Using Weisskopf-Wigner approximation, the resultant equation of

motion for the amplitude o (t) is

1. [v,TL [ . . r
a1 (t) = —i(5-) ”92 / B(O)emel(‘“ef”’“)tdk—iQRewa”(t)—50461(15), (5.8)
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where g = 4/ % and the value of decay rate I' = % as found in Eq.(3.45). Similarly,
the equation of motion for the amplitude a*(t) can be found by following the same

procedure above. Therefore, we get

a2 (t) = —iQpe a1 (t) — ga@ (t). (5.9)

Eq. (5.8) and (5.9) can be solved analytically and the solutions for the amplitudes ' ()

is given by
o 7ol I Y | 2ip 5 LIl 2i0p
o) = grme” | 6Tf[7<1+tor+ T )]_6 6rf[§<_1+rt_tor_ T )]

-I—ece?"f[%(— 1—tol + Qi?Rﬂ —ecerf[%(— 14+ Tt —tT + Q?R)]],

(5.10)
where
(I — 2iQp) (r 42t — QiQR>
A= e , (5.11)
B= %( — T — 2iQg) + 2itoQp + QZ?R, (5.12)
C:%(—F—QiQR). (5.13)

From the previous equations for 5 (t) and ~(t), we can write the expressions for the right
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and left propagating photons as

L . Fvg ikr t " e N —i(we; —w )tl
6516(75):_@ — € dtozl(t)e er W)t
2L 0
F t ! .
Vor(t) = — i ﬁem/ dt' 2 (') e (Wea et
2L 0

(5.14a)
(5.14b)
(5.14c¢)

(5.14d)

We follow the same procedure given in [37] to calculate the spectrum of the g and ~

photons when ¢ — oo.

5.3 Results

5.3.1 Spectrum

The spectrum of the right and left propagating £ photons when ¢t — oo can be calculated

from
R . FUg —ikr
ﬁﬁwk (t — OO) :B(O) -1 Ee 51 ((&dk),
L . FUQ ikr
B, (t = 00) = —i 27 ¢ & (dwy),
where

& (Owg) = /OO o (t)ewrtdt.

o0

45

(5.15a)

(5.15b)

(5.16)



Similarly, the spectrum of the right and left propagating v photons when ¢ — oo can be

calculated from

VR(t = 00) = — iy %eik’fg(ék), (5.17a)
L Ty gy
Y (t = 00) = —iy/ 27 ¢ & (0k), (5.17b)
where
& (dwy) = / a2 (t)ePrtdt. (5.18)

Making inverse Fourier transformation for Eq. (5.16) and Eq. (5.18) gives

1 [~ .
a®(t) :%/ &1 (0wy)e Rt Ay, (5.19a)

1 [~ -
a®(t) :%/ &y (Swy)e 0k by, (5.19b)

By substituting Egs. (5.19) into Eq. (5.8) and (5.9), we get the following two linear

equations

(E — i0kuvy)€1(6k) + iQre P&y (6k) = — i E5(0), (5.20a)
2 2v,
(g 6k, (5k) + iQre®E, (k) 0. (5.20b)
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By solving the previous equations, we get

B I'L L —idku,

& (6k) = —i %5(0) [(g o S| (5.21a)
. I'L QRew

&(0k) = /2—%5(0) [_(g k) | (5.21b)

By substituting these two results for & (dk) and & (k) in Eqgs. (5.15) and (5.17), we get

the spectrum for the right and left propagating  and v photons

03, + (5 —idkvy)? — L(E — idkv,)

B =p(0) 2 (Lo Z.(S;Ug)Q , (5.22a)
B =5(0) Q;i(f___ffm))Q (5.220)
¥ =iB(0)e* = Z%ZZ(;: ol (5.22¢)
B0y [(5 - igf)ir = | (5.22d)
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0

Figure 5.2: Spectra of the incident, reflected [ and ~ photons, and transmitted  and
photons. The Rabi frequency €2z = 1 and the width of the Gaussian beam A = 1.The
superscripts R and L represent the right and left propagating modes, respectively.

Fig.5.2 shows the spectra of the reflected and transmitted g and photons when the
Rabi frequency Qr = 1. At resonance, about 60% of the photon pulse is transmitted,

whereas the reflected spectrum is slightly above the zero.
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Figure 5.3: Spectra of the incident, reflected $ and v photons, and transmitted § and ~
photons. The Rabi frequency 2z = 2. The superscripts R and L represent the right and
left propagating modes, respectively.
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Figure 5.4: Spectra of the incident, reflected, and transmitted photons. The Rabi fre-
quency {2z = 0 which is the case of a two-level atom coupled to a 1-D waveguide.
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The spectra of the reflected and transmitted 5 and photons are shown in Fig.5.3 when
Qr = 2. It is obvious that as the value of Rabi frequency is increased, the transmitted
amount of the the incident pulse increases. We can conclude that the strength of the Rabi
frequency plays a significant role in reflecting and transmitting the the incident photon
pulse. When the Rabi frequency is off, the atom behaves as a two-level atom as shown

in Fig. 5.4.

............
L B
o WU

T
N
o

T

=

o
Specturm of Transmission

=
o

Figure 5.5: Transmission spectrum of the § photon at t = 0 for different Rabi Frequencies.

Fig. 5.5 shows how the transmission spectrum is affected by the Rabi frequency.
When the Rabi frequency is zero, we see no photon is transmitted at resonance. Then,

as the Rabi frequency is gradually increased, the transmission starts to increase.
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5.3.2 Reflectivity and Transmittivity

Reflectivity and transmissivity of the § photon can be calculated using the following

equations
L e L 2
R= dok | B (t — 00)]7, (5.23a)
™ —00
L [> R 2
T= dok | B5i.(t — oo) . (5.23b)
™ —00
1.0{ o mmcememm——ac—aa-
0.8 1
0.6 1
b } Reflectivity
rf Transmissivity
0.4 1
0.2 1
0.0 1
0 2 4 6 8 10

'/ A g |

Figure 5.6: Reflectivity and transmissivity of the g when 2z = 0. This situation is the
same as that of a two-level atom coupled to a 1-D waveguide [4]

Fig.5.6 shows the reflectivity and transmissivity of the § when 2z = 0, while the hori-
zontal axis represents the coupling strength between the atom and the waveguide. This
result agrees with the result of the reflectivity and transmissivity in the case of two-level

atom.

o1



1.0 1
0.8 1
0.6 1
E.‘:‘; Reflectivity
s Transmissivity
0.4 1
0.2 1
0.0 1
0 2 1 6 8 10

['/Awv,
Figure 5.7: Reflectivity and transmissivity of the § when Qp = 1.

Fig.5.7 shows reflectivity and transmissivity when the driving field is turned on and
the Rabi frequency Omega is equal to 1. The reflectivity increases more slowly than the

previous case where 2 = 0.

In Fig.5.8 the Rabi frequency is increased still further. We see that the transmissivity

decreases slowly while the reflectivity slowly increases.
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Figure 5.8: Reflectivity and transmissivity of the § when Qp = 2.

5.3.3 Intensity

Another important quantity to consider is the photon pulse shape. The transmitted pulse

shape can be calculated numerically using the equation

BE(t) = ehar” / dok BE (t)ePk@—vet), (5.24)

—00
where B (1) = B(0) — iy/ Se® [ dt o (t')e e )’ and the reflected pulse shape

can be calculated numerically

L) = et [ o gl (e e, (5.25)

—00

where B (t) = —iy/ Ge™ g dt'act(#)e i

Fig. 5.9 shows the pulse shape of the the incident, reflected, and transmitted S photon

53



—
0.61 ﬂ .

—
0.5

>0.4-

Intensit
o
w

0.21

0.11 i

I

J \

0.0 -20 -10 0 10 20
x(1/A)

Figure 5.9: Pulse shape of the incident at t = %, reflected at t = %, and transmitted 3
photon ¢t = %. The Rabi frequency 2z = 1.
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Figure 5.10: Pulse shape of the incident, reflected, and transmitted § photon. The Rabi
frequency Qp = 2.
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when the value of the Rabi frequency is {0y = 1 and the atom is placed at the origin
x = 0. Fig. 5.10 shows the pulse shape of the the incident, reflected, and transmitted S

photon when the value of the Rabi frequency is Q2r = 2. Fig. 5.9 shows the pulse shape

-20 -10 0
x(1/A)

Figure 5.11: Pulse shape of the incident, reflected, and transmitted 5 photon. The Rabi
frequency Qg = 5.

of the the incident, and transmitted S photon when the value of the Rabi frequency is

Qr = 5. When the strength of external field is a strange the system acts as transparency

material. Fig. 5.11
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Chapter 6

Conclusion

In conclusion, we considered the propagation of a single-photon pulse in a 1-D waveguide
coupled to a V-type three-level atom. We obtained the time-dependent solutions of the
problem using the time-dependent Schrodinger equation. We showed that by varying only
the frequency of the driving field, the reflection and transmission of the incoming photon
pulse can be controlled. Therefore, the external driving field acts as an optical switch to
control the propagation of the photon pulse in the waveguide. When the external driving
field is switched off, a complete reflection of the incident photon pulse occurs. At some
values of the Rabi frequency of the driving field, the system acts as a transparent medium

and the photon pulse is transmitted through the waveguide.
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