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Some New Results in Nonlinear Optics

1.  Nonlinear optical properties of epsilon-near-zero materials
 
2.  How to prevent laser-beam �lamentation

3.  In�uence of nonlinearity on optical rogue waves



Physics of Epsilon-Near-Zero (ENZ) Materials

  

     Einstein A A)
              A = n Avac 

     Einstein B coe cient (for    = 1)
B

             B = Bvac  / n

    

Recall that                          where    is the permittivity and      is the magnetic  permeability  

Silveirinha and Engheta, Phys. Rev. Lett. 97, 157403 (2006).  

     • ENZ materials possess exotic electromagnetic properties  

 Light oscillates in time but not in space; oscillations are in phase everywhere

Many opportunities in photonics are a�orded by ENZ materials and ZIM (zero-index materials)

 For n = 0 the wavelength is stretched and the phase velocity becomes in�nite

Terminology:  ZIM= zero-index material;  ENZ=epsilon near zero; EMNZ= epsilon and mu near zero



Physics of Epsilon-Near-Zero (ENZ) Materials -- More

???

Y. Li, et al., Nat. Photonics 9, 738, 2015; D. I. Vulis, et al., Opt. Express 25, 12381, 2017.

 Y. Li, et al., Nat. Photonics 9, 738, 2015.



 Maxwell Equations Prediction

•  light enters slab at normal incidence

n = 0n = 0



Some Consequences of ENZ Behaviour - 1

n = 0n = 0

..

n = 0

A. Alù et al., Phys. Rev. B 75, 155410, 2007; X.-T. He, ACS Photonics, 3,  2262, 2016.

J. Bravo-Abad et al., Proc. Natl. Acad. Sci. USA 109, 976, 2012.

O. Reshef et al., ACS Photonics  4, 2385, 2017.

vac



Some Consequences of ENZ Behavior - 2

n = 0

n = 0

c vanishes 

In
H. Suchowski et al., Science 342, 1223, 2013.

M. G. Silveirinha and N. Engheta, Phys. Rev. B  76, 245109, 2007; B. Edwards et al.,  Phys. Rev. Lett. 
     100, 033903, 2008.

mode of upper waveguide extends to
lower waveguide for any separation



• Wavelength is stretched ( λ = λ0/ n).

• Phase velocity becomes very large ( v = c / n).

     Space and time decouples.

• Light exits a zero-index medium with k-vector perpendicular 
   to the interface.

• Phase matching conditions of nonlinear optics is relaxed.

• Propagation nearly always nonparaxial (λ >> beam diameter).

Some Implications of Near-Zero Index
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Some Consequences of ENZ Behaviour - 3

0



Epsilon-Near-Zero Materials
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Epsilon-Near-Zero Materials for Nonlinear Optics

 • We need materials with a much larger NLO response

• We recently reported a material (indium tin oxide, ITO) with
   an n2 value 100 time larger than those previously reported.

• This material utilizes the strong enhancement of the NLO response that 
   occurs in the epsilon-near zero (ENZ) spectral region.

Large optical nonlinearity of indium tin oxide in its epsilon-near-zero region, 
M. Zahirul Alam, I. De Leon, R. W. Boyd, Science 352, 795 (2016). 



Implications of ENZ Behavior for Nonlinear Optics

Here is the intuition for why the ENZ condition is of interest in NLO

Note that under ENZ conditions the denominator becomes very small, 
leading to a very large value of n2

P = χ (1) E+ χ (2) E2 + χ (3) E3 + ...
P is the induced dipole moment per unit volume and E is the field amplitude.

Also, the refractive index changes according to

n = n0 + n2I + n4I2 + ...

Standard notation for perturbative NLO

Footnote:



λ = 1240 nm

chalcogenide
glass

Huge, Fast NLO Response of Indium Tin Oxide at its ENZ Wavelength 

materials

M. Z. Alam et al., Science  352, 795–797 (2016)

• overall change in refractive index of 0.8 • sub picosecond reponse time

• ellipsometry • n2 is 3.4 x105 times larger than that of silica glass



•  Even larger NLO response by placing a gold antenna array on top of ITO? 

•  Lightning rod effect:  antennas concetrate the field within the ITO

600 nm

ENZ Metasurface:  Gold Nanoantennas on ITO

Alam, Schulz, Upham, De Leon and Boyd,
Nature Photonics 12, 79-83 (2018).

•  Coupled resonators:  ENZ resonance and nano-antennas

~ 2 x 107 n2 (SiO2)

x 107



Three Material Platforms Under Investigation

• Nanoantennas coupled to ENZ substrate
        (out of plane; free-space coupling)
         (Rochester)

• Dirac cone metamaterials
     (in plane; compatible with integrated optics)
     (Harvard)

• Photonically doped metamaterials
     (out of plane; free-space coupling)
     (Penn)



Some Potential Applications of ENZ Behavior
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Self Action Effects in Nonlinear Optics

Self-action effects:  light beam modifies its own propagation

d

self focusing

self trapping

small-scale filamentation







Prediction of Self Trapping 

d
θ

ʹθ

n = n0

n = n0

n = n0 +δn

radial profile of self
-trapped beam
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Beam Breakup by Small-Scale Filamentation

Predicted by Bespalov and Talanov (1966)

Exponential growth of wavefront imperfections by four-wave mixing processes

transverse wavevector
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Optical Solitons

Field distributions that propagate without change of form 

Temporal solitons (nonlinearity balances gvd)

Spatial solitons (nonlinearity balances diffraction)

1973: Hasegawa & Tappert
1980: Mollenauer, Stolen, Gordon

1964: Garmire, Chiao, Townes
1974: Ashkin and Bjorkholm (Na)
1985:  Barthelemy, Froehly (CS2)
1991:  Aitchison et al. (planar glass waveguide
1992:  Segev, (photorefractive)
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Breakup of Ring Beams Carrying Orbital Angular Momentum (OAM)  in Sodium Vapor

ℓ=1

ℓ=2

ℓ=3

t

t

M.S. Bigelow, P. Zerom, and R.W. Boyd, Phys. Rev. Lett 92, 083902 (2004)

Experiment Numerical simulation
In In OutOut

ℓ
ℓ

ℓ





Experimental Setup

Q-plate:  SAM to OAM converter







Conclusions:  stability of
vector OAM beams

t Vector vortex beams:
   stable propagation

t Poincareé beams:
  stable propagation

Poincaré beam Vector vortex 
      beam

Pure OAM beam

In

Out

t Pure OAM beam:
   beam breakup

Stable Stable Unstable

Bouchard et al, PRL 117, 
233903 (2016).
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•  Is nonlinearity important?  Required?  Or does it actually inhibit 
    rogue-wave formation?

A. Safari, R. Fickler, M. J. Padgett and R. W. Boyd, Phys. Rev. Lett.  119, 203901 (2017).

Influence of Nonlinearity on the Creation of Rogue Waves

    •  Study rogue-wave behavior in a well-characterized optical system

 A. Mathis, L. Froehly, S. Toenger, F. Dias, G. Genty & J. Dudley. Scienti�c Reports 5, 1 (2015).



Oceanic rogue waves
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Sailors: we see gigantic waves.
Scientists: it is a fairy tale!

Ocean waves follow
Gaussian distribution.
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Oceanic rogue waves

4

First scientific observation
of rogue waves in Draupner
oil platform (1995):



Characteristics of rogue waves
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Wave amplitude2
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Normal	distribution	(decay	exponentially)

Rogue	waves	(Heavy-tailed)

Probability	distribution	in	rogue	systems:

§ Rogue	waves	appear	from	nowhere	and	disappear	without	a	trace.	

§ Rogue	waves	≠	accidental	constructive	interference	

§ They	occur	much	more	frequently	than	expected	in	ordinary	wave	statistics.

§ Not limited to ocean: Observed in many other wave
systems including optics.



Rogue waves in 1D vs 2D systems
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“Nonlinear Schrödinger equation” explains the wave dynamics in the 
ocean as well as in optics.

Rogue events studied extensively in 1D systems, such as optical fibers.

Two focusing effects in 2D systems:
• Linear: Spatial (geometrical) focusing
• Nonlinear: Self focusing

Water waves are not 1D.

2
2

2 2

1
2

A A
ik i A A

x t
g¶ ¶

+ =
¶ ¶

D. R. Solli, C. Ropers, P. Koonath & B. Jalali, Nature 450, 1054 (2007).
J.M. Dudley et al, Nat. Photon, 8, 755 (2014)
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Optical caustics
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Swimming	pool

Coffee	cup

• Caustics	are	defined	as	envelope	of	a	family	of	rays

• Singularities	in	ray	optics

• Catastrophe	theory	is	required	to	remove	singularity

Books:
J.F.	Nye, Natural	Focusing	and	Fine	Structure	of	Light.
Y.A.	Kravtsov,	Caustics,	Catastrophes	and	Wave	Fields.
O.N.	Stavroudis,	The	Optics	of	Rays,	Wavefronts,	and	Caustics.

Ray	picture



Generation of optical caustics

8A	sharp	caustic	is	formed	only	if	the	phase	variations	are	large

Phase	variations:

Corresponding	
intensity	
variations:



Nonlinear focusing
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Self	focusing:

n = n0 + n2 I
Refractive	index	depends	on	intensity:

Rubidium	cell
Rubidium	vapors	show	large	nonlinear	effects



After	linear	
propagation:

After	nonlinear	
propagation:
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Effect of nonlinearity on caustics

Phase	variations:



( )CAExp B I-Intensity	distributions	with	fit	to

Linear	
propagation:

After	nonlinear	
propagation:
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Statistics of caustics
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Linear	propagation	was	simulated	by	FFT	beam	propagation

Experiment:

Simulation:

Simulation – Linear propagation
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NLSE: Atomic	polarization:

Our	Rb model	includes:
• All	hyperfine	transitions
• Doppler	broadening
• Power	broadening
• Collisional broadening
• Optical	pumping

Simulation – Rb model
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Experiment:

Simulation:

Nonlinear	propagation	was	simulated	by	FFT	beam	propagation	and	split-step

Simulation – Nonlinear propagation

A.	Safari,	R.	Fickler,	M.	Padgett,	R.	Boyd	,	
Physical	Review	Letters	119,	203901	(2017)
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§ Caustics are rogue waves!

§ Generation of caustics by linear propagation requires large
phase fluctuations

§ Nonlinear effects can enhance the generation of caustics.

Conclusions

Linear
Nonlinear





Caustics in ocean waves
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M.	V.	Berry,	Focused	tsunami	waves,	Proc.	R.	Soc.	A	(2007)

Caustic	of	tsunami	focused	by	
an	underwater	island	lens

Simulated	linear	
propagation	of	
tsunami	waves,	using	
real	ocean	floor	
bathymetry:

Ocean	bathymetry

H.	Degueldre,	J.	Metzger,	T.	Geisel	and	R.	Fleischmann,	Nature	Physics 12,	259	(2016).




