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Observation of optical polarization
Möbius strips
Thomas Bauer,1,2 Peter Banzer,1,2,3 Ebrahim Karimi,3* Sergej Orlov,1,2 Andrea Rubano,4,5

Lorenzo Marrucci,4,5 Enrico Santamato,4 Robert W. Boyd,3,6 Gerd Leuchs1,2

Möbius strips are three-dimensional geometrical structures, fascinating for their peculiar
property of being surfaces with only one “side”—or, more technically, being “nonorientable”
surfaces. Despite being easily realized artificially, the spontaneous emergence of these
structures in nature is exceedingly rare. Here, we generate Möbius strips of optical polarization
by tightly focusing the light beam emerging from a q-plate, a liquid crystal device that
modifies the polarization of light in a space-variant manner. Using a recently developedmethod
for the three-dimensional nanotomography of optical vector fields, we fully reconstruct the
light polarization structure in the focal region, confirming the appearance ofMöbius polarization
structures.The preparation of such structured light modes may be important for complex
light beam engineering and optical micro- and nanofabrication.

I
nterference is one of the most intriguing fea-
tures of the wave nature of light. This phe-
nomenon cangive rise to points or lines of zero
intensity,when three ormore planewaves are
superimposed. Around these “nodes,” the

phase of the optical beam undergoes a disloca-
tion, determined by the beam’swavelength aswell
as the geometry of the optical system (1). The
phase variation around these points is described
by a topological charge ‘, an integer that deter-
mines the number of 2p phase cycles along a path
around these nodes (2). The phase of the optical

field is undefined at these nodes, and thus, such
points are called phase singularities (3). Complex
superpositions of optical beams result in rich
topological structures of phase and intensity. For
instance, elaborate beamsdesigned by a computer-
generatedhologram formdark lines and knots in
3-dimensional (3D) space upon propagation (4, 5).
In addition, the vectorial features of multibeam
interference lead to interesting polarization to-
pologies (6–8). Threemain polarization topologies—
“lemon,” “star,” and “monstar”—are invoked in
the paraxial regime to describe the vectorial pat-

terns in the plane transverse to the beampropaga-
tiondirection (9, 10).Ageneral polarization topology
can be generated by a coherent superposition of
two nonplanar circularly polarized beams with
opposite handedness, copropagating paraxially
and possessing nonidentical topological charges:

EðrÞ ¼ cos
Q
2

� �
LGp1 ;‘1 ðrÞeLþ

sin
Q
2

� �
eicLGp2 ;‘2 ðrÞeR ð1Þ

where Q and c respectively define amplitude co-
efficients and the relative phase between the two
different polarization states; eL and eR, are unit
vectors of left- and right-hand circular polariza-
tion; and LGp,‘ (r) are Laguerre-Gaussian (LG)
modes with radial and azimuthal indices p and ‘
(11). The polarization of these beams in the trans-
verse plane samples the entire Poincaré sphere,
and the beams are thus called Poincaré beams
(12). Twomain polarization singularities, C-points
and L-lines, respectively denoting points of cir-
cular and lines of linear polarization, are used to
describe the beams’ polarization topology (13, 14).
In 2005, a beam configuration was proposed

that consists of a pair of noncoaxial circularly
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Fig. 1. Schematic of the experimental apparatus,
and the intensity and polarization patterns of the
generated beams. (A) A mode-cleaned right-hand cir-
cularly polarized TEM00 mode laser beam at a wave-
length of 530 nm is sent through a q = –1/2-plate (QP).
A spatial Fourier filter, made of two lenses and a pin-
hole, is used to filter unwanted higher-order radial
modes of the generated beamafter theQP.This beam is a
superposition of a right-hand circularly polarized TEM00

mode and a left-hand circularly polarized LG0,1 mode, in
which the superposition ratio was carefully adjusted by
means of an external voltage applied to the QP. The
composite beam is tightly focused by a microscope
objective with a NA of 0.9 onto a single spherical gold
nanoparticle with a diameter of 82 nm, sitting on a glass
substrate. A 3D piezo stage is used to scan the sphere
within the focal plane. The transmitted light is collected
by an oil-immersion objective with NA = 1.3. A camera
combined with an imaging system is used to image the
back focal plane of the lower microscope objective for
each position of the nanoparticle in the focal plane. Top
and bottom insets respectively show the orientation of
liquid crystal molecules in the q = –1/2-plate and a scanning electron microscope image of the gold nanoparticle. (B) Measured intensity and polarization
distributions of the optical beamemerging from theQP.The local polarization ellipse is superimposed onto the intensity distribution in white color.The three cases
(i) to (iii) correspond to different optical retardations, realized by applying different voltages to the QP: (i) a pure right-hand circularly polarized TEM00 beam, (ii) a
pure left-hand circularly polarized LG0,1 beam, and (iii) a superposition of (i) and (ii). In the latter case, however, the beampossesses a polarization topologyof–1/2
in the form of a star with a C-point on the optical axis.
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polarized beams of opposite handedness with
different scalar topological charges. In this scheme,
a nonparaxial 3D polarization topology is gener-
ated at thebeams’ intersectionplane (15). Analytical
calculations revealed spectacular 3D-polarization
topologies in the form of twisted ribbons and
Möbius strips (16). Möbius strips are 3D objects
that possess only a single surface and a single
boundary component (17, 18) and have been ob-
served in chemistry, biology (19), particle physics
(20), andmaterials science (21–23). In our experi-
ment, these 3D objects are created by the tight
focusing of individual Poincaré beams, as given
by Eq. 1, by exploiting the longitudinal field com-
ponent appearing in the focal region. In order to
visualize the polarization Möbius strip, we re-
constructed the amplitudes and relative phases
of the individual components of the electric field
and traced the polarization ellipse around the
optical axis in the focal plane.
The optical element we used to generate the

Poincarébeam is aq-plate, a patterned, birefringent
plate with optical retardation d and made of ne-
matic liquid crystal. The orientation of the princi-
pal axis of the liquid crystalmolecules comprising
the q-plate varies with the azimuthal coordinate,
so that the structure possesses a topological charge
q (24). When d = p, the q-plate flips the handed-
ness of the spin of an incoming beam and adds
an orbital angular momentum (OAM) of j2qj to
the outgoing beam. For a non-p retardation, the
q-plate generates a Poincaré beam from a circu-
larly polarized Gaussian input beam. The gener-
ated beam is a coherent superposition of the
fundamental TEM00 (LG0,0) and LG0,T2q modes
with opposite circular polarizations, as described

by Eq. 1 for p1 = p2 = ‘1 = 0 and ‘2 = T2q. The
optical retardation of the q-plate and its orienta-
tion determine the amplitude of the superposi-
tion coefficients, Q, and relative phase between
the two beams, c, respectively (10). Our experi-
ment involves a Poincaré beam with a polariza-
tion topology of q = –1/2 (or q = –3/2), and we
tune the mode ratio between the two aforemen-
tionedmodes by varying d using an applied voltage
(25). The intensity and polarization distributions
of the output beam in the near-field of a q-plate
with q = –1/2 are presented in Fig. 1B, for dif-
ferent optical retardations.
A star-shaped Poincaré beam with a polariza-

tion topology of –1/2 (Fig. 1B, iii), produced by
the q-plate, is tightly focused by a microscope
objective with a numerical aperture (NA) of 0.9,
producing a complex focal field distribution,
with a spot size comparable with the wavelength
of the light beam. The paraxial approximation
does not hold under tight focusing conditions,
and the beam in general is no longer transverse
as a strong longitudinal component of the
electric field is created (26). We hence have
E ¼ Exx̂ þ Eyŷ þ Ez ẑ, where Ei are the compo-
nents of electric field, and x̂, ŷ , and ẑ are the
unit vectors in a Cartesian coordinate frame in
which z is oriented as the beam axis. In the pres-
ent case, the strengths of the electric field com-
ponents jEij are almost the same. Furthermore,
the intensity distribution close to the focus is
highly asymmetric, and the initial cylindrical
symmetry is broken into one of its subgroups—
namely, the dihedral D3 group. The symmetry-
breaking observed in the beam intensity arises
from the preexisting threefold symmetry of the

initial beam’s transverse polarization distribution.
Shown in Fig. 2A are the theoretically calculated
electric energy density and phase distributions of
individual components of the electric field Ex, Ey,
and Ez of the tightly focused Poincaré beam and
the total electric energy density distribution at
the focus (26).
We used a nanoprobe-based reconstruction

technique to experimentally probe and recon-
struct the electric field distributions generated in
the focal plane, allowing the optical polarization
Möbius strips hidden in this complex field struc-
ture to be observed (27). For this technique, we
used a spherical gold nanoparticle on a glass
substrate and scanned it through the field under
study (Fig. 1A). The scattered and transmitted
light was collected and angularly resolved for
each position of the nanoprobe relative to the
field distribution by using an immersion-typemi-
croscope objective with NA = 1.3. This procedure
allows for the reconstruction of both amplitude
and phase distributions from the data recorded
for each nanoprobe position relative to the beam
in the focal plane and different effective obser-
vation directions (10, 27). The experimentally
reconstructed intensity and relative phase dis-
tributions of the three individual electric field
components of the tightly focused beam are
shown in Fig. 2B. Because of the spin-to-OAM
conversion, the longitudinal z-component of the
field gains additional OAM of T1, with the sign
depending on the helicity of the input beam po-
larization (28). The beam is highly asymmetric
because of its nonparaxiality.
We used the approach introduced in (29) to

trace out the 3D orientation of the polarization
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Fig. 2. Numerically calculated and experimentally observed electric
energy density distributions of a tightly focused Poincaré beam. (A) and
(B) show the numerically calculated and experimentally measured total
electric energy density distribution as well as the electric energy densities
and phase distributions of the individual field components of the tightly fo-
cused Poincaré beam shown in Fig. 1B, iii, in the focal plane of the high-
numerical-aperture objective. Under tight-focusing conditions, the beam loses

its cylindrical symmetry. Moreover, a longitudinal component of the field is
generated. Top-right insets show the corresponding phase patterns for each
field component, Fx, Fy, and Fz. Because of spin-to-OAM conversion, the
longitudinal field component gains a helical phase-front of exp(Tiϕ), with a sign
that depends on the input beam polarization. Three separated phase vortices
can be seen surrounding the beam axis, generated by the interference of the
two constituent input beams.
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ellipse around the optical axis (C-point). In this
notation, the major and minor axes of the po-
larization ellipse and the normal to the polariza-
tion ellipse in the complex representation of the
electric field are described by the vectors

a ¼ 1

j ffiffiffiffiffiffiffiffiffiffi
E ⋅E

p jℜðE*
ffiffiffiffiffiffiffiffiffiffi
E ⋅E

p
Þ

b ¼ 1

j ffiffiffiffiffiffiffiffiffiffi
E ⋅E

p jFðE*
ffiffiffiffiffiffiffiffiffiffi
E ⋅E

p
Þ ;

g ¼ FðE*� EÞ ð2Þ
whereℜ(E),F(E), andE* represent the real and
imaginary parts of E and its complex conjugate,
respectively. In this representation, a C-line is a
trajectory of r upon propagation in which the
major and minor axes of the ellipse become de-
generate,a(r) = b(r) = 0. In our case, as the beam
propagates, the polarization ellipses change in
the transverse plane because TEM00 and LG0,T1

possess different Gouy phases (8). The polariza-
tion topology of the beam remains unchanged
but undergoes a global rotation that depends on
the propagation distance. Furthermore, the C-line
coincides with the optical axis in this case. In or-
der to visualize and plot the polarization topology
in 3D space, we considered only the polarization
configuration in a plane orthogonal to the C-line,
which is known as the principal plane. In partic-
ular, we considered first the focal plane, where
the field’s z-component is largest. We then cal-
culated the major and minor (a, b) axes of the
polarization ellipses at all points lying on a cir-

cle in the principal plane, with the C-point in its
center.
Because a strong longitudinal component of the

electric field is generated, the major axis a of
the polarization ellipse undergoes a twist out of
the focal plane in 3D space and forms a Möbius
strip. The twisting direction for the specific topol-
ogy under study is clockwise, which indicates a
positive polarization topological charge of 3/2, or
three half-twists.We show the corresponding the-
oretically calculated and experimentally observed
Möbius stripswith 3/2-twists for a Poincaré beam
with q = –1/2 under tight focusing in Fig. 3, A
and B, respectively. AMöbius strip of 5/2-twists is
created and also observed by replacing the q-plate
of q= –1/2with one of q= –3/2. The corresponding
theoretically expectedandexperimentallymeasured
Möbius strips are shown in Fig. 3, C and D,
whereas the focal field distributions are presented
in the supplementary materials (10). Our mea-
surements were performed in the focal plane, but
the Möbius structure extends outside of the focal
plane and for a variety of radii; additional results
are given in the supplementary materials (10).
Our results reveal a hidden polarization topol-

ogy under tight focusing that has not previously
been reported in literature. These results are rel-
evant to fundamental studies of optics and phy-
sics, light coupling to nanostructures, light-matter
interactions, and nano-optics (30–32). Optical pat-
terns such as those we demonstrate here could,
for example, be used to optically fabricate mate-
rial microstructures with nontrivial topology for

new functional media—for example, metamate-
rials with exotic optical properties or molecular-
shape–selective membranes or substrates.
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Fig. 3. Polarization topology of a highly nonparaxial Poincaré beam with topological charges
of –1/2 and –3/2. (A and C) The numerically calculated polarization topologies in the focal plane of the
beam. (B and D) The experimentally observed polarization topologies in the focal plane of the beam. Our
experiment was performed under tight-focusing (nonparaxial) conditions,which accentuates the 3D topology
of these Poincaré beams. In these plots, the major axis of the 3D polarization ellipse is represented as a
function of position on a circle of 150 nm radius centered on the beam axis.This circle is shown as a dashed
whiteorblack line in the top-left insets superimposed to the scanned intensity image. In order tomake the twist
of the Möbius strip more noticeable, one half of the major axis of the local polarization ellipse is colored blue,
and the other half is colored green. For a charge of–1/2 [(A) and (B)],we observe three half twists; for a charge
of –3/2 (C and D), we observe five half twists. At the bottom of (A) to (D), the projection of the polarization
major axis onto a plane (the x–y plane) transverse to the propagation direction z is shown.
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twisting'' the polarization properties of the light beam.
engineer the wavefront of a laser beam to make an optical version of the Möbius strip by effectively ''snipping and 

 used a liquid crystal toet al.structures have intriguing mathematical properties in terms of topology and geometry. Bauer 
demonstrated by snipping a paper ring, adding a twist, and then joining the ends of paper together again, these 

Möbius strips are three-dimensional structures consisting of a surface with just a single side. Readily
Light with twist and structure
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