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Efficient separation of the orbital angular
momentum eigenstates of light

Mohammad Mirhosseini!, Mehul Malik"2, Zhimin Shi3 & Robert W. Boyd1'4

Orbital angular momentum (OAM) of light is an attractive degree of freedom for fundamental
studies in quantum mechanics. In addition, the discrete unbounded state-space of OAM has
been used to enhance classical and quantum communications. Unambiguous measurement
of OAM is a key part of all such experiments. However, state-of-the-art methods for
separating single photons carrying a large number of different OAM values are limited to a
theoretical separation efficiency of about 77%. Here we demonstrate a method which uses a
series of unitary optical transformations to enable the measurement of light's OAM with an
experimental separation efficiency of >92%. Furthermore, we demonstrate the separation of
modes in the angular position basis, which is mutually unbiased with respect to the OAM
basis. The high degree of certainty achieved by our method makes it particularly attractive for
enhancing the information capacity of multi-level quantum cryptography systems.
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t has long been known that the polarization state of the OFtical

field can be associated with the spin angular momentum 2. In

1992, it was shown by Allen et al.3 that in the paraxial regime,
an € vortex phase structure of a circularly symmetric beam
corresponds to /7 units of orbital angular momentum (OAM).
Since then, OAM of light has been found as a useful tool in a
variety of applications® 8. OAM modes with different ¢ values
form a large orthonormal set of functions that can be used to
encode information. It has been suggested that OAM encoding
can be used alongside polarization to increase the channel
capacity of communication systems”!?, In addition, the use of a
multi-level encoding basis such as the OAM basis can increase the
tolerance of ciuantum key distribution (QKD) systems to
eavesdropping!’. Clearly, applications of this sort will require a
method of sorting photons carrying OAM with a high separation
efficiency, which is a measure for the degree of separation of the
sorted OAM modes, as well as a high power transmission
efficiency, which is an indicator of the optical throughput of the
system in presence of loss. Although the two eigenstates of
polarization can be separated easily by using a polarizing beam
splitter, separation of OAM eigenstates has proven to be
challenging until recently!?~14,

A forked hologram can be used to add or remove spiral phase
structures in its diffraction orders!®. Similarly, a q-plate can be used
to create OAM modes by utilizing the spin-orbit coupling in
inhomogeneous anisotropic media!®~1%, Such elements can be used
for measuring the OAM content of a beam by performing a series
of projection measurements*®. In this method, an input laser beam
illuminates multiple forked holograms or g-plates with different
quantum numbers and the transmitted light is collected by multiple
single-mode fibres which correspond to different OAM values. If
an OAM beam with quantum number ¢ enters this system, its
phase structure will only be corrected by the element that adds a
phase of —/¢ and a detection happens at the corresponding
detector. This method can be used to distinguish between different
OAM modes with high accuracy®!®. However, projection
measurements are always limited by a success rate of 1/N, where
N is the number of the OAM modes involved in the experiment.
This property makes this method unsuitable for single-photon
experiments that involve a large number of OAM modes.

More sophisticated hologram designs can be made to achieve
separation of several OAM modes using a single phase-screen!>.,
However, none of these designs have proven to be efficient
enough for separation of OAM modes at the single-photon level.
Similarly, the results achieved using thick holograms have been
only marginally better®). Leach et all% have presented a
technique for separating OAM modes at the single-photon level
based on using a Mach-Zehdner interferometer with a Dove
prism in each arm. This set-up allows the separation of single
photons based on their parity. Although in principle this method
works with a 100% efficiency, separating N modes requires N-1
cascaded interferometers. The challenge in designing and aligning
such a complicated system considerably limits its applications.

Berkhout et al.'? have recently demonstrated a very successful
method for sorting OAM modes that employs a Cartesian to log-
polar transformation. Under this transformation, the azimuthal
phase profile of an OAM mode is mapped to a tilted planar
wavefront. As a result, a set of OAM modes with different
quantum numbers ¢ is converted to a set of truncated plane waves
with wavefront tilts which are proportional to ¢. These plane
waves are then separated by a single lens. This method of sorting
OAM modes is exclusively based on unitary transformations and
in theory can achieve a power transmission efficiency of unity.
However, the degree of separation of two neighbouring OAM
modes is limited by diffraction due to the finite size of the
unwrapped modes.
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In this work, we experimentally implement an architecture that
combines log-polar coordinate mapping with refractive beam
copying to substantially enhance the separation of the trans-
formed OAM modes. Furthermore, we use a variation of this
method for sorting angular (ANG) modes, which form an
unbiased basis set with respect to the OAM modes. We achieve a
separation efficiency of 92.1 £ 0.7 for a set of 25 OAM modes and
92.7%0.5 for the corresponding 25 ANG modes, which are
equivalent to mutual information values of 4.18 and 4.16 bits per
detected photons, respectively.

Results

Mode overlap in log-polar coordinate mapping. To achieve the
coordinate transformation, the beam’s amplitude a(x, y) is mul-
tiplied by a phase-only transmittance function ¢;(x, y). The
amplitude of the field in the conjugate Fourier plane can be
calculated by using the stationary phase approximation, resultin
in a geometrical map between the input and output planes?!?%.
This mapping is accompanied by an undesired varying
phase term. This phase distortion arises from variations in
the optical path length and can be removed by introducing a
second phase plate ¢,(u, v) at the Fourier plane (u, v) of the
input plane. A coordinate mapping of v=a arctan(y/x) and
u= —a ln(\/ngg »2/b) can be achieved using the following

phase elements!>23;

o1 (x,y) = 2/1% {y arctan(%) —x ln<~x2b+yz> +x|, (1)

It is easy to check that the azimuthal phase profile of an OAM
mode is mapped to a tilted planar wavefront under this
transformation. The set of plane waves resulting from the
transformation of OAM modes with different quantum numbers
¢ are then separated by a single lens positioned in the (u,v) plane.

Figure la demonstrate the situation where the plane waves
resulting from the transformation of two neighbouring OAM
modes are focused to diffraction-limited spots which are partially
overlapping. In Ref. 13, the authors have measured the fraction of
intensity overlap between the neighbouring modes to be about
20% (see Fig. le). This is in fact an inherent limitation of this
method and cannot be avoided by magnifying the transformed
plane waves. Magnifying a plane wave results in a decrease in the
tilt angle across its wavefront. Such magnified plane waves can be
focused to narrower spots, but the spacing between the spots gets
reduced accordingly such that the degree of overlap between
them remains constant (Fig. 1b).

Motivated by a suggestion of Berkhout et al'?, we recently
investigated the effects of a beam-copying device on the degree of
separation of transformed OAM modes**. Our previous
simulation work along with the preliminary experimental
results suggested that the use of such a device may dramatically
reduce mode overlap. In the present paper, we describe the full
implementation of this idea. This method works by mapping each
OAM mode to multiple copies of the tilted planar wavefronts. In
this situation, the width of the transformed beam has been
increased, whereas the angle of the tilt across it remains constant.
Note that the periodic phase jumps between the neighbouring
copies of the truncated plane waves are equal to integer multiples
of 27, so the resulting larger beam will have a smooth wavefront.
These converted modes can now be focused to a series of spots
which have the same spacing as before but are much narrower in
width?4 (Fig. 1c.e).
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Figure 1 | Effect of beam copying on mode overlap. (a) Two tilted plane waves resulting from the transformation of two neighbouring OAM modes are
focused to overlapping spots by a lens. (b) Magnified plane waves can be focused to narrower spots that are spaced closer to each other albeit with no
change in overlap. (¢) Multiple coherent copies of the transformed plane waves are placed next to each other resulting in focused spots with reduced

overlap. (d) Experimental data for OAM modes focused after the log-polar mapping. The data for seven modes £ = — 3:3 are super-imposed on top of each
other. The /= — 2 mode is displayed in false colour to mark the overlap with the neighbouring modes. (e) Experimental data for the modes from part d

when enhanced by making seven copies in the Fourier domain.

Refractive beam copying. We have used a periodic phase-only
hologram known as a fan-out element to make multiple coherent
copies of the unwrapped OAM modes. The phase structure of

such a device can be described as?®:

i Y SIN[(27s/ ) mx + 00,
1 m:NfN , (3)

m; N Yy €O8[(27s/ A)mx + oty

lP2N+ 1 (x) = tan

where 2N + 1 is the number of copies of the beam, s is the angular
separation between them and x is the transverse dimension along
which the copies are made (see Fig. 2a,b). Here, y,, and «,, are
relative phase and intensity parameters associated with different
diffraction orders (see Supplementary Note 1 and Supplementary
Table S1). These parameters can be optimized using numerical or
analytical methods to uniformly distribute >99% of the incident
light between the copies®>%°.

Sorting OAM modes. In our experiment, we generate OAM
modes using a spatial light modulator (SLM) and a 4f system of
lenses?’. As shown in Fig. 3, the OAM beam then propagates
through the refractive elements R1 and R2 which perform the log-
polar coordinate transformation!3. A fan-out element realized on
SLM1 generates multiple copies of this truncated plane wave mode.
For clarity, Fig. 3 shows a fan-out element only creating three
copies. However, we have used a fan-out design which creates seven
copies of the beam?® (see Supplementary Fig. S1 and
Supplementary Table S1). SLM2 is used to correct the relative
phase between these copies at the Fourier plane of the fan-out
element. The holograms for the fan-out element and the

corresponding phase corrector are shown in Fig. 2a. Finally, a
lens is used to focus the extended plane-wave to a spot, where a
charge-coupled-device (CCD) camera measures its intensity profile.

We have measured OAM modes with quantum numbers of
= —12 to £ =12 using our method. We divide the area on the
CCD into 25 non-overlapping adjacent spatial bins. Each of the
bins corresponds to the central position of the spot resulting from
the transformation of an OAM mode. By sending a known OAM
mode through the system and measuring the power in all 25 bins,
we have constructed the conditional probability matrix for
detection of all 25 OAM modes (Fig. 4a). The average probability
of correctly detecting an OAM mode is calculated to be
92.11+0.7%. This is slightly lower than the theoretical maximum
of 97%2* owing to the non-ideal behaviour of a phase-only fan-out
element, undesired effects from pixelation of the SLMs and small
misalignments in the system. However, this is substantially higher
than the maximum separation efficiency of 77% achieved by just
the log-polar mapping method!'?. We have compared these two
methods quantitatively in Supplementary Note 2.

Another common measure of quantizing the separation
efficiency of a mode sorter is the mutual information between
the set of sent and detected modes. For the data presented here,
the mutual information is calculated to be 4.18 bits per detected
photon, as compared with the theoretical upper limit of 4.64 bits
per detected photon for a set of 25 modes (see Supplementary
Note 3 and Supplementary Fig. S2). It should be emphasized that
these values are calculated for the detected photons and they
exclude the technical loss in the experimental set-up. The use of
this metric can be justified considering the fact that the losses are
caused by the limitations in technology and they are not inherent
to our method. The refractive elements that perform the log-polar
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Figure 2 | Holograms for diffractive beam copying. (a) The hologram for creating seven copies (shown on the left) along with the corresponding hologram
for correcting the relative phase between the copies (shown on the right). (b) The fan-out and phase corrector holograms for creating nine copies.
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Figure 3 | The schematic of the mode sorting set-up. The optical transformation converts the OAM modes to plane waves as they go through the first and
second refractive phase elements. An SLM is used to create multiple copies of the unwrapped beam. A lens focuses the resulting wide beam into a spot,
after the phase distortions are removed by the second SLM. (To simplify the demonstration, a fan-out element creating only three copies has been
displayed. For further simplification, we have also eliminated the Fourier transform lens between the fan-out and the phase corrector element.)

mapping have a combined transmission efficiency of 85%!°.
The SLMs that realize the fan-out element and its phase corrector
are each measured to have a diffraction efficiency of 42% (for a
complete analysis of the effect of loss on the overall information
capacity of the system, please see Supplementary Note 3).

QKD and angular modes. In order to guarantee security against
eavesdropping in QKD, at least two mutually unbiased bases
(MUBs) are required?®. A MUB for OAM can be constructed
from the super&)osition of OAM modes with equal weights and a
relative phase!®24;

Here, an OAM mode is written as | ¢) and L is the maximum
OAM quantum number which is used in forming the
basis. Members of this MUB are referred to as the angular
(ANG) modes, due to angular localization of their
intensity patterns (Fig. 5). It is easy to check that if an ANG
mode is measured in the OAM basis, all the component
OAM modes in the range | ¢|< L will be detected with equal
probabilities. ANG modes with different indices are orthogonal
in term of their amplitudes; however, the intensity profiles of
these modes have side lobes around their central angular
component which creates substantial overlap between any two

1 L N neighbouring modes (see Fig. 5). A detection scheme based on
|0) = —— Z | ) e~ 2rt/GL+1) (4) the intensity confinement of ANG mode has the rate of error of
V2L+1, 7= 23% (ref. 24).
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Figure 4 | The conditional probability of detection. The horizontal axes indicate the indices for the sent and received (@) OAM modes and (b) ANG modes.
For spatial profile of the modes, see Supplementary Fig. S3 and Supplementary Fig. S4. The details of calculations are presented in Supplementary Note 3.

Figure 5 | Generation of OAM and ANG modes. Examples of holograms
(top line) for generating OAM and ANG modes along with the intensity
profile (bottom line) of the resulting spatial modes.

Sorting ANG modes. An efficient method of sorting both OAM
and ANG modes is needed to realize an OAM-based QKD sys-
tem. Previous methods of sorting OAM modes are incapable of
sorting ANG modes'®. However, a variation of the sorting
method described above can be used to sort these modes?®. As the
unwrapped OAM and ANG modes are related via a Fourier
transform in the horizontal direction, we can sort ANG modes by
removing the Fourier-transforming lens L1 after the second
refractive element R2. Instead, the unwrapped mode is imaged
directly onto the fan-out element. We use a fan-out element
creating nine copies (see Supplementary Note 1 and
Supplementary Table S1). The holograms for the fan-out
element and the corresponding phase corrector element are
shown in Fig. 2b. The ANG modes are transformed to a series of
separated spots at the focal plane of the lens L2.

The conditional probability matrix for 25 ANG modes is
shown in Fig. 4b. The average probability for correct detection of
an ANG mode in this set is measured to be 92.7 £ 0.6%. The
mutual information calculated from the measured conditional
probability matrix equals 4.16 bits per detected photon,
demonstrating the capability of sorting ANG modes with
approximately the same separation efficiency as that of the
OAM modes.

In this experiment, we have demonstrated a method for
unambiguous discrimination of OAM modes. A log-polar optical
transformation is used along with a refractive beam-copying
method to map OAM modes to a set of extended plane waves
which are then separated using a lens. Using our technique, we
have measured a channel capacity of 4.18 bits per detected
photon for a free-space communication system using 25 OAM
modes. In addition, we have demonstrated a comparable ability to
efficiently sort 25 modes in the mutually unbiased basis of angular

position. Our technique will enable the development of high-
dimensional QKD systems with record channel capacities of >4
bits per detected photon. In addition, this method will allow for
detailed studies of fundamental quantum phenomena in the
discrete unbounded state-space of OAM.

Methods

Equipments and experimental techniques. A Helium Neon laser beam

(632.8 nm) is spatially filtered using a single-mode fibre. The output of the fibre is
collimated and illuminates a high-definition Holoeye PLUTO phase-only SLM. The
OAM and ANG modes are created using computer generated holograms?’ (see
Supplementary Note 4). An aperture in used in between a 4f system to pick up the
first-order diffracted beam. Machined PMMA (Poly methyl methacrylate)
refractive elements mounted in a Thorlabs cage system are used for log-polar
coordinate mapping!3. Two Holoeye PLUTO phase-only SLMs are used for
realizing the hologram for the fan-out element and its corresponding phase-
correcting element. A telescope system is used for coherent imaging of ANG modes
to the fan-out hologram. Single images were obtained on a Canon 5D mark III
CCD camera providing 14 bits of dynamic range. A Semrock 632.8 nm MaxLine
filter is used in front of the camera to block stray light. An exposure time of 125 jis
is chosen to further suppress the background light.
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