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Abstract

®

CrossMark

The correlation properties of the pump field in spontaneous parametric down-conversion are

crucial in determining the degree of entanglement of generated signal and idler photons. We find
theoretically that continuous-variable entanglement of the transverse positions and momenta of
these photons can be achieved only if the coherence of the pump beam is sufficiently high. The
positions of signal and idler photons are found to be correlated, even for an incoherent pump.

However, the momenta of the signal and idler photons are not anti-correlated, even though

transverse momentum is conserved.

Keywords: entaglement, patrametric down-conversion, partially coherent beam, Gaussian

Schell-model beam

(Some figures may appear in colour only in the online journal)

1. Introduction

Entanglement is not only a primary resource for quantum
information processing, but also one of the fundamental concepts
of physics. Already in the early days of quantum mechanics,
entanglement of continuous variables was proposed in the
famous EPR paper [1] to discuss its implications on reality.
Nowadays, entangled photons are often generated by
spontaneous parametric down-conversion (SPDC), the
working horse in any quantum optics lab. This nonlinear
process is usually driven by a pump beam with transverse
spatial coherence, whose profile not only determines the
quality of entanglement [2, 3], but also the transverse struc-
ture of the generated photons [4-6] and is used to perform
foundational experiments [7, 8] with implications on com-
plementarity?. Continuous-variable entanglement can be

* On the occasion of his 60th birthday and in light of his fascination for
fundamental principles like complementarity and entanglement, we dedicate
this article to Wolfgang P Schleich. Herzlichen Gliickwunsch and best
wishes!
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heuristically understood in terms simple arguments based for
example on momentum conservation. In this article we
examine whether these fundamental arguments are still valid
if we change the transverse coherence of the pump.

The significance of temporal coherence properties was
investigated in [9-11]. Even the transfer of transverse spatial
coherence from the pump to the down-converted light was
shown in [12], where the focus was on spatial two-qubit states
and not primarily on high-dimensional entanglement. In the
present article, we hope to fill this gap and provide new insights
in the role of coherence for the generation of entanglement.

1.1. Correlations of two-dimensional distributions

Since we are interested in the continuous-variable entangle-
ment of a photon pair created by SPDC, we first establish
some concepts and terms in order to define entanglement. A
conditional probability distribution P(v,, v;) may depend on
two parameters v, and v;, which will be later on assigned to
the signal and idler photons, respectively. We further

© 2018 IOP Publishing Ltd  Printed in the UK
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Figure 1. Correlation of v, and v; (left), anti-correlation (right) and
their connection to the width Av,. We show a density plot of the
conditional probability distribution P(v,, v;). The white contour
corresponds to 1/+/e of the maximum.

introduce v, = (y & v;)/~/2, which corresponds to a coor-
dinate system rotated by 7/4, and the variances Av? along
these axes.

We call the two parameters v, and v; correlated, if the
standard deviation of the anti-diagonal and the diagonal fulfill
the relation Av_ < Av, , as depicted in figure 1 on the left.
Knowing one of the two parameters, one can predict with a
high probability that the other parameter is the same, i.e.,
vy = v;. Similarly, we call the two parameters v, and v; anti-
correlated, if the relation Av, < Av_ is fulfilled, as depicted
in figure 1 on the right. In this case, the two parameters most
likely possess opposite values, i.e., ; = —v;. The two para-
meters are unccorrelated if the probability distribution is
separable, for example as in P(v, v;) = Py(v,)P,(v;), which
means that knowing one parameter does not give any infor-
mation about the other. For Gaussian distributions this reflects
itself in Av, = Av_. Correlations and anti-correlations exist
for both classical and quantum mechanical probability dis-
tributions and do not necessarily have implications on the
entanglement of a physical system. However, entanglement
can be revealed by simultaneous correlations of conjugate
variables.

1.2. Continuous-variable entanglement

We call two particles entangled if their state cannot be written
as a product of the state of each particle. When we consider
continuous-variable entanglement, in particular of momentum
and position, the non-separabiltiy of an entangled state
reflects itself in correlations. However, such correlations may
also exist for mixed states and the observation of correlations
is not a sufficient entanglement witness. One of the criteria for
continuous-variable entanglement of momentum and position
is the apparent violation of a Heisenberg-type relation [13, 14]

AXAP > 7/2, ey

where AX? is the variance of a suitable linear combination of
their positions of the sub-systems and AP? the variance of a
linear combination of their momenta. In the spirit of the EPR
paradox [1], a violation of this relation is not possible with
classically correlated particles, since position and momentum
are complementary variables.

A
pump
crystal

1'07/@11

Figure 2. Spontaneous parametric down-conversion of a pump beam
generating signal and idler photons, schematically shown in part (a).
A monochromatic pump implies energy conservation, shown in
part (b). Transverse momentum is conserved, but the joint
momentum distribution of signal and idler is determined by the
distribution of the pump beam, shown in part (c).

1.3. Entanglement in parametric down-conversion

In the process of SPDC, one photon from a strong light field
called the pump is converted by a nonlinear crystal into two
photons called the signal and idler [15], see figure 2(a).
Multiple different types of entanglement of these photons
have been demonstrated so far, such as polarization entan-
glement [16] or entanglement of orbital angular momentum
[17, 18]. But also continuous variables entanglement has been
observed, such as time and energy [19, 20] or, more relevant
for our discussion, in the transverse variables of signal and
idler photons [2, 21].

Whether these photons are actually entangled depends
crucially on the shape of the pump beam but also on the
properties of the nonlinear crystal. A usual heuristic argument
for their entanglement is that a pump photon is converted into
signal and idler at one particular position and hence their
transverse positions g, and g; are correlated. At the same
time, the momentum of the pump photon is conserved and we
therefore expect an anti-correlation of their transverse wave
vectors ¢, and g;. The combination of position correlation and
momentum anti-correlation gives, according to section 1.1, a
small value of the product Ao Ag,, which may violate the
condition for entanglement from (1). Whereas the first
quantity depends on phase-matching, the second one is
determined by the pump field. Based on these arguments, one
can even define a birth zone of the biphoton [22].

For an infinite plane wave pump, i.e., a narrow angular
distribution of the pump, the anti-correlations become perfect.
Different shapes of pump beams and their significance for the
down-converted light have been investigated by several
authors [4-6]. In this article we focus on a different aspect of
the pump field: its transverse coherence properties.
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1.4. Outline of the article

We start with section 2, where we briefly review the process
of SPDC, before we introduce the joint probability distribu-
tion of signal and idler photons in section 3. The joint dis-
tribution consists of the product of the pump coherence
function, which we specify in section 4, and a phase-matching
function, derived in section 5. In section 6 we investigate how
the coherence of the pump changes the entanglement prop-
erties of the down-converted light, before we conclude in
section 7. To keep this article self-contained, we introduce the
Hamiltonian with a quantized pump field in appendix A,
before we use it to calculate the biphoton density matrix in
appendix B. We simplify our description by applying the
Fresnel approximation in appendix C.

2. Spontaneous parametric down-conversion

In the process of SPDC, a photon from a strong pump beam
(p) is spontaneously converted by a nonlinear crystal into a
photon pair consisting of signal (s) and idler (i) photons. We
depict the situation in figure 2(a) and we discuss the details of
the quantum description in appendix A. Because we only
consider the spontaneous regime and a monochromatic pump,
energy conservation is fulfilled and we have w,, = w, + w; for
the frequencies of pump, signal and idler, depicted in
figure 2(b).

Since the crystal is large in transverse direction compared
to the beam, we also have transverse momentum conservation,
ie, g, = ¢, + ¢, where g; represents the transverse wave
vector of the field j. As we show in figure 2(c), a transverse
momentum profile of the pump leads to a specific profile of the
joint momentum distribution of signal and idler [4]. However,
we show in appendix B that it is not the transverse momentum
distribution of the pump that is relevant [23], but the angular
correlation function T of the pump [12, 24].

In contrast to the transverse direction, the finite thickness
and the shape of the crystal allows for a longitudinal wave
vector mismatch Ax = k, — ks — K;, which is reflected in
its phase-matching function X.

3. Joint probability distribution

Due to the tensor-nature of the second-order nonlinear sus-
ceptibility of the birefringent crystal and depending on the
type of phase-matching, the three fields interact only for
specific polarizations. To simplify our description, we couple
these polarizations in a scalar manner with an effective value
of the nonlinear susceptibility [25]. In addition, the long-
itudinal wave vector mismatch depends on the dispersion
relations of pump, signal, and idler fields and we assume that
the moduli of the wave vectors of the respective fields fulfill
the relation k, = k; + k;. Together with energy conservation,
i.e. w, = ws + w;, this condition implies a relationship of the
indices of refraction of the birefringent crystal that determine
phase-matching. Furthermore, the expressions used in the

remainder of this article are valid only within the paraxial
approximation requiring |¢;| < k;, which sets a limit to the
width of the angular profile of the pump.

Under these assumptions, the description becomes parti-
cularly easy for degenerate SPDC: within the Fresnel approx-
imation from appendix C we use the density matrix established
in appendix B to derive the joint (conditional) probability
distribution of transverse momenta of signal and idler photons.

In particular, only the sum and the difference of the
transverse momenta of signal and idler appear in the joint
distribution function. This fact naturally leads to a rotated
coordinate system when we introduce the variables

4. = (q, + q) /2. )

In this case, we find with (B.8), which we normalize to unity,
as well as with (C.3) the expression

P(q,, q) = Pr(q.)P.(q) 3)

for the joint probability distribution of the transverse momenta
[12]. To distinguish between distributions in position and
momentum space, we introduce the tilde symbol for the latter.
In (3) we introduced the probability distribution along the
diagonal

Pr(g)) =T(V2q..V2q.) )
and the probability distribution along the anti-diagonal
P(q) = IX(@2/kp)P (5)

in (g,, g,)-space, which we assume both to be normalized.
According to (B.8), Pr(q ) is determined by the angular cor-
relation function of the pump I, and PX (g_) depends on the
phase-matching function Y. Following our discussion from
section 1.1, the ratio of their widths determines whether the
momenta are correlated, anti-correlated, or uncorrelated.

Through use of the density matrix (B.4), it is possible to
transform the momentum distribution into position space,
which leads to the expression

P(gs, 0) = Pr(o1) P (0-), (6)
where we have
Pr(gy) =T'(0/V2, 0:/32) ©)

that depends on the position correlation function T of the
pump beam and

2

L [eq @ty [ ®

@2m)?

Px(g—) = ‘

which is the Fourier transform of the phase-matching func-
tion. Here, we also defined a rotated coordinate system

0= (o, + 0) /2 O

with an analogous interpretation in the (g;, @;)-space.

Both P(g,, 0;) and f)(qx, g;) are separable in the g, and
q.. coordinates. That means that both distribution functions are
in general not separable in a distribution that can be assigned to
the signal photon and a distribution that can be assigned to
the idler photon. However, due to their separability in g4 in the
near field as well as in ¢, in the far field, it is easy to obtain
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the variances Agi ; and Aqij, where j is one particular
transversal component: they correspond directly to the variances
of the respective probability functions Pr,x and Pr,, along the
diagonal and anti-diagonal. This fact will become important
when we discuss the entanglement criteria in section 6. In the
next two sections we discuss a specific model for the correlation
function of the pump beam and the phase-matching function of
a bulk crystal.

4. Gaussian Schell-model pump beam

Since the diagonal (and by that the correlations) of the joint
distribution in both position and momentum space is determined
by the angular correlation function of the pump, we specify a
model for the pump in this section. Let us assume that the pump
beam has the form of a monochromatic Gaussian Schell-model
beam [26]. This rather general beam allows us to look at the
effect of the transversal coherence of the pump, of course only
within the treatment of the paraxial approximation.

The two-point correlation function of a Gaussian Schell-
model beam reads

2 2 2 2 2
oit+o; (01— 02 .01 — 05
I'(o, ~exp| — — — 1
(e &) p[ 4w? 202 R
(10)

and depends on the width w of the beam, its transverse
coherence length Z., and on the radius of curvature R and the
wave vector k,, of the pump through R? = R/k,,. Note that for
our treatment we assume these quantities to be constant upon
propagation within the crystal.

With (10), the probability distribution reduces to

Pr(oy) ~ exp[—o7%/(dwH)], (11)

which is independent of its transversal coherence length £,
and solely depends on the width w of the beam. From (10) we
can also calculate the momentum correlation function. Since
we are only interested in the diagonal elements, the trans-
formation can be easily performed, e.g., by using a Wigner
representation [27], and we find

402 w2qf

— — (12)
aw? + £2(1 + 4w*/RY

Pr(g,) ~ exp| -

This distribution depends on all quantities, the width of the
pump beam, the coherence length as well as the radius of
curvature.

Since the probability distribution functions (11) and (12) are
of Gaussian form, the variances can be easily obtained and are
the same for both transverse directions j. We find from (11) that

Agh ;= 2w? (13)
for the variance of the position correlations and from (12)
W4 w4 WZ
aw? + 53(1 n 4ﬁ) 1+ 4(— + )

R T g2
Ag> ;
9y 2.2 2
8w 8w

(14)

for the variance of the momentum correlations. In the last step
we rewrote the variance to show that it scales with the inverse of
the variance in position if the beam has no curvature and is
coherent. However, a radius of curvature as well as a finite
coherence length both contribute similarly and both increase the
width of the momentum distribution.

Before we turn to the phase-matching function, we dis-
cuss the two limiting cases of a fully coherent and incoherent
pump beam. First, we take the limit w < ., that is, of a very
large coherence length and find

quj ~ (1 + 4w? /724) /(8w2), (15)

which is the usual result.
However, in the opposite case where /.<<w, i.e., the
beam is incoherent, we have

quj ~1 / (%)

and see that it is solely determined by the transverse coher-
ence length. Hence, in case of an incoherent beam, we find
that this variance increases rapidly.

(16)

5. Phase-matching function

The anti-diagonal (and by that the anti-correlations) of the joint
distribution in both position and momentum space is determined
by the phase-matching function of the crystal. It may be obtained
by the Fourier transformation of the spatial profile x®(z) of the
nonlinearity along the longitudinal direction z, namely

UAK) ~ f dz eidrey @ (3). (17)

The modulus square of the phase-matching function gives
directly the joint momentum distribution for the difference of the
momenta, as can be seen from (5). The inverse Fourier transform
in transversal direction leads to the distribution of the difference
of the positions, following (8). With this insight it is easy to
understand the behavior of different types of nonlinear crystals.
Even though we discuss a single homogeneous crystal in the
following, we emphasize that (17) is a general expression and
both quasi-phase-matching [25] as well as nonlinear inter-
ferometers in the spontaneous regime [28] can be easily
understood in this formulation.

Let us assume that we have a uniform crystal of length L
with its front face positioned at zo. In this case, the non-
linearity x®(z) can be written as a constant that begins at z,
and ends at zo + L, namely

XP (@) ~ 0z —z0) — 0z —z0 — L),

where 6(z) =1 for z >0 and 0 otherwise. The Fourier
transform of this boxcar function is proportional to the car-
dinal sine function sinc (x) = sin(x)/x, and we find

X(AK) ~ Lexpl[iAr(zo — L/2)] sinc (AkL/2),

(18)

19)

where we included the proportionality to L to demonstrate
that the coincidence rate scales with L. In the following we
drop this factor for simplicity. The phase-matching function
may have a phase that depends on Ak, but also on z, and L.
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Even though this phase does not change the behavior of the
momentum correlations F} it has an effect on the position
correlations P,, since the phase is relevant for the inverse
Fourier transform. If zo = L/2, which means that the crystal
is centered around the origin, the phase appearing in Y van-
ishes. In this case and within the Fresnel approximation, it is
possible to perform the transformation (8) analytically and to
obtain the probability distribution function

ko \T
e A

where Si (x) = fo ! dy sin(y)/y is the sine integral. However,

(20)

we assume that the origin is at the back face of the crystal and
choose zo = L. In this case, the analytical Fourier transfor-
mation cannot be performed as easily.

Gaussian approximation. For an intuitive understanding
of the influence of phase-matching on the correlations of
signal and idler photon, a Gaussian approximation of the
phase-matching function is routinely applied [29], so that

X(Ak) ~ explig’L/(2ky,)lexpl—aq’L/(2k,)],  (21)
which leads to
P(q) ~ expl—agq’L/kp] (22)
with a variance
Ag?; = ky/QaL). (23)

For a = 0.455, which is a common choice [29], both (19) and
(21) coincide where they both take their 1/e-value.

To obtain the position distribution, we Fourier transform
(21) and find

P(o) ~ exp[—k”—azgz], (24)
L(l + o?)
which has a variance
Ag®; = L'+ )/ Q2ky). (25)

6. Entanglement and pump coherence

In most experiments generating entanglement, the positions
of signal and idler are correlated and their momenta anti-
correlated, which we heuristically explained in section 1.3
basend on a birth zone of the photon [22] and momentum
conservation. We first discuss the opposite situation that is
not often experimentally investigated, namely that there are
position anti-correlations and momentum correlations.

With the help of (13) and (23) we find that the product

Agi,qu_{j = k,w? / (aL) (26)

depends on both the pump waist and the crystal length. At
least theoretically there is the possibility that the product is
small by using a small pump waist w or a long crystal.
However, for a tightly focused pump, the Fresnel approx-
imation is not valid and other challenges arise. SPDC from a

AeyjAq- 5 <1/2
2 8
N
3
<
= not entangled
~
S LT
0 Ag_ jAgy j <1/2
0 0.5 1 1.5 2

L coherent beam w/le

Figure 3. Parametric plot of Ag, ;Aq ; < 1/2 and

Ag jAq, ; < 1/2 depending on w/{, and \/L/(k,w?). In the
colored areas of parameter space, one of the two conditions is
fulfilled and we have entanglement, in the white area neither
condition is fulfilled and no entanglement is present. From left to
right, the coherence of the pump decreases. We chose w < R. In
the blue shaded area, there is position correlation and momentum
anti-correlation. In contrast, in the red shaded area we obtain the
unusual situation of anti-correlation in position and correlation in
momentum.

highly focused pump has for example be observed in [30].
However, a few works are considering this case [31-33],
which is actually in contrast to the heuristic arguments for
entanglement that we gave in section 1.3. For an extremely
narrow pump beam or long crystal w < L within the paraxial
approximation it is possible to show entanglement [32]
with Ag, ;Aq ; < 1/2.

To see how the pump coherence affects entanglement, we
could model the partially coherent beam as a mixture of many
small coherence areas. Therefore, a misleading argument is to
think that the coherence length £, plays the role of the pump
waist. Since ¢. < L, one would always expect very strong
position anti-correlation and momentum correlation, thus
leading to entanglement. However, we show from (26) that
the coherence length is irrelevant for the position anti- and
momentum correlations. Therefore, the arguments given
above are not correct. The product Agi’qu_zJ is indepen-
dent of the pump coherence, demonstrated in figure 3.

For the opposite case (position correlation and momen-
tum anti-correlation), we find from (25) and from (14) that

4w
R4

n 4w?) ol

2 ) k,w?
which is not the inverse of (26) as one would naively expect
from Fourier transform arguments. At the same time, that
means that for Ag; ;Aq ; > 1/2 we do not automatically
have position correlation and momentum anti-correlation. This
is due to the phase factor of the phase-matching function and
due to the finite coherence length £. and radius of curvature R.
If (21) had no phase factor, the factor 1 + a2 would be
replaced by unity and forw < R, £, there is always some type
of entanglement except for Ag_;Aq, ; = Mg, jAq ;= 1/2.

We plot both possible conditions for entanglement
ApijAq ;< 1/2 and Ag_;Aq, ; < 1/2 in figure 3 as an

1 + a2
Agg,qui’j = —(1 + (27)

16



Phys. Scr. 93 (2018) 084001

E Giese et al

2t positions momenta 12
Yo <
~ ~1/L 3& L
—2 | ~1/Le | —2
-2 0 2 =2 0 2
Qs qs

Figure 4. Contour plot of the joint position (left) and momentum
distribution (right) in arbitrary units. Whereas there exist position
correlations independently of the coherence of the pump, the
momentum anti-correlations of a coherent pump (red contour) vanish
for decreasing coherence (blue thick contour), which can be
understood as a mixture of different coherent areas (blue thin
contours). For simplicity, we chose w < R.

area plot of the dimensionless parameters w/{. and

JL/(k,w?) under the assumption that w < R. The white
area in parameter space shows conditions where we have no
entanglement. In the red shaded area the first condition is
fulfilled and we have entanglement with position anti-corre-
lation and momentum correlation. We see that this condition
is independent of the coherence length.

In contrast to that, the blue shaded area depicts the
parameter regime where the second condition is fulfilled and
we have entanglement with position correlation and
momentum anti-correlation. We see that the requirements for
entanglement on /L /(k,w?) get stronger the more we reduce
the transverse coherence of the beam.

Indeed, the relation (14) demonstrates that the momenta
are not anti-correlated, if the coherence length or the radius of
curvature is too small. Therefore, entanglement eventually
gets destroyed by decreasing coherence.

We show in figure 4 contour plots to illustrate the dif-
ference between coherent and incoherent pump beams. On the
left, the joint position distribution shows correlations inde-
pendent of the coherence length. On the right, we depict the
joint momentum distribution for different input beams. For a
coherent beam, the momenta are anti-correlated (red contour).
However, for an incoherent beam (blue thick contour), we see
that the width of the anti-diagonal distribution remains
unchanged, but the width of the diagonal increases sig-
nificantly, which is why the entanglement vanishes. We still
see position correlations, but the momenta are not anti-cor-
related but become either uncorrelated or even correlated.
One can understand the effect heuristically by assuming that
there is an incoherent superposition of different coherence
areas, each with a slightly different momentum distribution.
For each coherence area, momentum conservation is fulfilled
(blue thin contours), but there they are shifted due to different
pump momenta. Since it is an incoherent mixture of these
shifted distributions, the resulting distribution corresponds to
the blue contour.

7. Conclusions

We have shown that not only the pump profile but also its
coherence is transferred to signal and idler fields in the pro-
cess of SPDC [12]. In fact, it is not the pump profile that is
relevant for the joint transverse distribution of signal and
idler, but its angular correlation function. For a Gaussian
Schell-model beam, we observe that there are position
correlations independent of the coherence of the beam. The
positions of signal and idler are always correlated, and this
correlation depends only on the transverse spatial profile of
the pump inside the crystal. Even though there is transverse
momentum conservation, this does not result in anti-correlated
momenta of signal and idler photons. The reason is that for an
incoherent beam there is no narrow and coherent momentum
distribution, just a mixture of them. This mixture leads to a
drastic change in the joint distribution and anti-correlations
vanish.

Conventionally, SPDC is used to generate entanglement
with position correlations and momentum anti-correlations
(with a short crystal and wide beam). Position correlations are
therefore naturally present, but the anti-correlations in
momentum—necessary to observe the conventional type of
entanglement—crucially depend on the coherence of the
pump. Hence, with a partially coherent beam it becomes
increasingly harder to fulfill the requirements for entangle-
ment. For an incoherent pump beam, singal and ider photons
are not entangled in their transverse continuous variables. In
the future, we plan to demonstrate this effect experimentally
with truly transverse incoherent light.
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Appendix A. Hamiltonian

To describe the process of SPDC, we use an heuristic
Hamiltonian where the three fields of pump (p), signal (s) and
idler (i) are coupled by a x®-nonlinearity, shown in
figure 2(a). We perform an expansion into plane waves with
wave vector k]T = (qu, k), where q; is the transversal and &;
the longitudinal wave vector of the field j = p, s, i. Moreover,
the superscript T denotes the transpose. These field modes are
quantized and we introduce the creation and annihilation
operators ézf (k;) and a;(k;) that fulfill the Bosonic commuta-
tion relation.
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Within this expansion, it is possible to apply the rotating
wave approximation. Assuming a monochromatic pump gives
directly the condition of energy conservation, i.e. w, = wy + w;
shown in figure 2(b), where the frequencies w; = ck;/n; with the
modulus k; = |k;| of the wave vector and the index of refraction
n; of that particular field. When we additionally assume that
only one frequency for each field, namely w, and w;, is being
detected (for example by introducing filters), the operators
d;j(k;) depend effectively only on the transverse momenta g;.
We therefore suppress from now on the dependence of the
photon operators on the longitudinal wave vector k.

If the nonlinear medium is infinite in the transversal
direction, we find transverse momentum conservation
q, = ¢, + g;; as shown in figure 2(c). However, since the
medium is finite in longitudinal direction, we do not have
exact momentum conservation and phase mismatches Ax =
K, — ks — k; are allowed. This fact is reflected in the phase-
matching function {(Ak), which is the Fourier transform of
the spatial shape of the y®-nonlinearity in longitudinal
direction. We define it explicitly in (17) in the main body of
the text.

Neglecting walk-off effects and different polarizations,
the effective interaction Hamiltonian

A~ [dq xAmay g, + a)d @)dl @) +he.  (AD)

describes the nonlinear interaction. The abbreviation h.c.
denotes the Hermitian conjugate. Note that we integrate over
both the transverse momentum of the signal and the idler
photon.

Appendix B. Biphoton density matrix

In the present appendix we introduce the biphoton density
matrix that arises from the nonlinear interaction. Since we are
focussing on the spontaneous process, we assume that both
the signal and the idler fields are initially in the vacuum state
and uncorrelated to the pump field so that the initial density
matrix reads

Pini = P, @ 10){0] @ 0)40], (B.1)
where p, denotes the initial density matrix of the pump.
Furthermore, we can neglect higher-order processes in
SPDC. Thus, we may apply perturbation theory and the time-
evolution operator 1 — iHt/7%. We find this form only
because we assumed a monochromatic pump, otherwise we
would have to integrate in time over the pump spectrum.
However, the results would not change qualitatively and we
therefore refrain from discussing it in more detail. The time-
evolved density matrix takes the form
A it A JES 2. s
P = Pini ~ %(Hpini = PniH) + ?HpiniH' (B.2)
Since we only detect the photons in the signal and idler fields
and postselect on coincidence events, the first two terms do
not contribute. Therefore, we introduce the biphoton density

matrix

P ~ TrlHpy HI, (B.3)

where we trace is over the pump field. Because at most one
signal and one idler photon are created in SPDC, we introduce
the notation |‘1_j> = AJT(qj)|O>j which can be interpreted as a
momentum eigenstate of the created photon with (qj’ |qj) =

6(qu — qj). Therefore, we arrive at the density matrix
Poi ~ f d'q f d*q' p(q,. g5 4. 4)la,- 4) (q). q/| (B4
in momentum representation, where the density matrix elements

P4, 4 q.- 4)) ~ Tr,la,(q, + q)p,a, (g + g)]

X X(AR) X (AR (B.5)

consist of a product of the fransverse momentum correlation
function [24] of the pump field

(g, 4) = Tyla,(q,) 7,4, (q)] (B.6)
and the phase-matching function of the crystal §. The argument
of the phase-matching function is the longitudinal phase mis-
match between pump, signal and idler field and takes the form

Ak = ry(g, + q) — Fs(g) — Ko(gy), (B.7)

where we have applied the condition of transverse momentum
conservation. In analogy, Ax’ is of the same form, only with q;

replaced by q;.

With the density matrix (B.4) the joint probability dis-
tribution function can be defined as the diagonal elements of
Ppi» 1.€.

74, a4 4, @) ~ |XAR) PTG, + q. g, + ).  (B.8)

This is a generalization of the conventional description, where
usually the correlation function is replaced by the pump
profile [23]. A similar expression of the density matrix has
been provided in [12], but without its explicit derivation. If
we were interested in the frequency spectrum rather than the
angular spectrum, the temporal coherence of the pump would
play the role of the angular correlation function [9-11].

Appendix C. Fresnel approximation

To simplify expression (B.7), we introduce the Fresnel
approximation [29]. We expand the longitudinal wave vector

Ky = lklz - qu for |g| < k; and arrive at

Rj 2k — g /(2 + - (C.1)

The approximation is valid only in the paraxial regime. With
this expression, we find

2 2 2
Ak —ky—k— LT & &y
2%, %, 2K

We further assume that together with energy conservation the
fields fulfill k, = k; + k;. In this case, we find the simple
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expression

Ak = (Bg, — B7'q)*/(2k,), (C3)

where we defined the parameter 5 = k;/k, that is unity in the
degenerate case. Hence, the phase-matching function |{(Ax)|?
in (B.8) only depends on 3¢, — g, ie., on the weighted
difference of the two transversal wave vectors. We emphasize at
this point that the paraxial approximation is of course not valid
for any type of radiation, and for transverse incoherent light one
has to make sure that one has a beam-like behavior. Gaussian
Schell-model beams might be one class of beams where the
paraxial approximation is valid. However, a more sophisticated
treatment can be performed by taking the different dispersion
relations of the three fields inside the crystal into account. For
simplicity and to obtain analytic expressions, we refrain from
such a description, which depends crucially on the material used.
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