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Theory of Degenerate Four-Wave Mixing in
Saturable Absorbing Media with the Inclusion of
Pump Propagation Effects

ALEXANDER L. GAETA, MARK T. GRUNEISEN, axp ROBERT W. BOYD

Abstract—The phase-conjugate reflectivity attainable by degenerate
four-wave mixing in an idealized saturable absorbing medium is cal-
culated for arbitrary values of the laser intensity, laser frequency, and
absorption path-length of the nonlinear medium. The influence of
pump-wave absorption, including saturation and standing-wave ef-
fects, is included in the theory. The treatment is based on an analytic
expression for the intensity distribution of the counterpropagating
waves. The theoretical predictions differ substantially from those based
on theories that ignore pump absorption effects. The results of the pres-
ent calculation are used to predict the minimum laser intensity, ab-
sorption path-length, and detuning required to obtain unit reflectivity
and self-oscillation.

I. INTRODUCTION

EGENERATE four-wave mixing (DFWM) has
proven to be a versatile technique for the generation
of the phase conjugate of an optical wavefront [1]. Since
the initial theoretical treatments of DFWM in Kerr media
[2] and saturable absorbers [3], there has been consider-
able interest in extending these theories to include effects
such as the polarization properties of the interaction [4]-
[6], depletion of the pump waves due to nonlinear cou-
pling [7], detuning of the frequency of the signal wave
from that of the pumps [8], [9], nonlinear refractive index
changes [10], and the use of pump waves of unequal input
intensities [11], [12]. The highest phase conjugate reflec-
tivities have been achieved through DFWM utilizing the
nonlinear response of saturable absorbing media [13],
[14]. Since absorption effects are an inherent aspect of
this type of nonlinearity, attenuation of the interacting
waves plays a key role in determining the phase conjugate
reflectivity, However, such effects are very difficult to
treat theoretically because the standing-wave nature of the
optical field within the medium causes the saturated ab-
sorption coeflicient to vary spatially in distances of the
order of an optical wavelength. For this reason, most pre-
vious theories have either ignored the effects of pump
wave absorption [3] or have treated it in an approximate
manner [11], [15].
Recently, we presented a theory of DFWM in saturable
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absorbing media in which the effects of pump wave prop-
agation were included in an exact manner, including both
the effects of saturated absorption and of the standing
wave nature of the two counterpropagating pump waves
[16]. We assumed that the probe and conjugate waves
were weak relative to the pump waves because only in this
limit is the output wave guaranteed to be the phase con-
jugate of the input probe wave. This theory was applied
to the case in which the optical fields were tuned to exact
resonance with the optical transition, and it was found
that the theoretical predictions for the phase-conjugate re-
flectivity were profoundly modified by the inclusion of
pump absorption effects. It was also found that for line
center operation the phase conjugate reflectivity could not
exceed unity and in fact rarely exceeded 10 percent. In
the present paper. we apply this method to the case in
which the optical waves are detuned from the optical res-
onance, thus allowing an increased value of the phase
conjugate reflectivity. For this case, the calculation is
computationally more difficult, but again an analytic so-
lution for the intensity of the two pump waves at every
point within the nonlinear medium exists, making it pos-
sible to derive simple coupled-amplitude equations for the
probe and conjugate waves in terms of nonlinear absorp-
tion and coupling coefficients whose spatial dependence
is known. These coupled amplitude equations can then be
solved numerically in a simple, noniterative manner to
determine the predicted phase conjugate reflectivity.

II. THEORY
The geometry that we consider in this paper is shown
in Fig. 1. Forward and backward going pump waves of
amplitude Ar and A, interact in a nonlinear medium with
a weak probe wave of amplitude A, to form a phase con-
jugate wave of amplitude A... The total electric field within
the nonlinear medium can hence be represented as

&(7, 1) = E(F) exp (—iwt) + c.c. (1)
where the field amplitude E(7) can be expressed as
E(F) = Ax(F) €57 + Ay e 5T
+ AR T AP e FT (@

The nonlinear response of the material system is next
modeled by solving the Bloch equations in steady state
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Fig. 1. Geometry of the degenerate four-wave mixing process.

for a two-level atomic system subjected to the field given
by (2). This nonlinear response acts as a source term in
the wave equation governing the spatial evolution of field
(2). We showed in our previous paper [16] that in the limit
where the signal and conjugate fields are much weaker
than the two pump fields, the slowly varying field ampli-
tudes obey the equations

dA
Ezf = —apds (3a)
dA,
Z = abAb (3b)
dA*
j = —a*Af — Kk*A, (3c)
dA
dzf = ad, + kA, (3d)
where
1 1 C—-B
S 1+'5TJ—1+ 4
%b =5 o idwT>) _C< 2, )] (4a)
1 ‘ [ B
@ =3 ag(l + ibwTy) lF (4b)
1 + ibwT,)ArA
K = -cx0( C3E§) f b (4C)
B=1+1IL+1, 4d)
C={[1+1L+L?—4LL}" (4e)
A
Iy = | Ei}l (4f)
47Nwp’T, 4
oy =
O 7 hell + (6T (4e)
2952
g2 = L+ QoTy )

44°T\ T,

Here, N is the atomic number density, u is the dipole tran-
sition moment, 7 is the population relaxation time, T is
the dipole dephasing time, 6w = w — wy is the detuning
of the laser from the atomic resonance frequency wg, and
k = w/c. Note that o is the unsaturated, intensity ab-
sorption coefficient for a wave detuned by an amount 6w
from line center and that I, gives the intensity of the
forward or backward pump wave normalized by the sat-
uration intensity for waves detuned by dw.
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We first obtain a solution for the intensity distribution
of the pump waves within the saturable absorber [17]. An
analytic solution of (3a) and (3b) can be written in terms
of the difference function

D(z) = I;(2) — Iy(2).

The solution is

|D(z)] — |D(©)] + log %} = Fay
for D(z)D(0) > 0 (5a)
and
D) — D(©O)  log [z_w_fiz)f(?)} -
for D(z)D(0) < 0 (5b)
where in either case
Fi) = [D@| + [D’@) + 201 + K1 (50)

and K is a constant of integration independent of z and
given by

K =L@ + Lk — D@ + 2{@ + L@} + 11"

(6)
In these equations, we take the minus sign for D(0) > 0
and the plus sign otherwise.

The coupling constant « that appears in (3c) and (3d) is
dependent on the complex amplitudes of the pump waves
and, hence, is dependent on their phases. For 6w # 0
these phases vary with z due to the intensity-dependent
refractive index experienced by the pump waves [18]. We
express the complex field amplitudes of the pump waves
by

Ap y(2) = |45 (2)] exp [idy ,(2)] @)

and derive from the Bloch equations the differential equa-
tion satisfied by ¢, ,(z). The derivation is analogous to
that presented in [16], and yields

sy _ ﬂn‘-”w‘Tz[ B 1 & -5 ] (8)
P 4l [+ I + L) — 41"

where plus and minus refer to backward and forward, re-
spectively.
We now make the variable transformations

= A;‘ eié(z)f? and A: — Aceiétz)a'i

A" ©9)
where
d(2) = d2) — dp(2) (10)

and use (3¢) and (3d) to arrive at a new set of coupled-
amplitude equations,

04,* . '

Py = —a"*4," — k'*AL (11a)
QA! .

a—z‘ = a'Al + k'A" (11b)



GAETA et al.:

o1 T T T L
2 (a) u.(ﬁmtﬂ)l.' =1
3 T, = 0,
_% fwT, = IHONTL) = 1
@
‘-!,: 001 -
&
l
o
2
§ 107+ .
8
£
a
10°H L I 1 1
T T T T
1 ®) aofbe =0l = 3
% BT, =0 L{OVLAL) = 1
2
T 0 -
-]
o
2
€
g .00 -
@
S
=
o
100 | L L -
1 T T T T_]
©) afBw=0)L"= 10

T{OVIL) = 1

phase-conjugate reflectivity
B o
b -
T T

-
o

[3
[ 1

A 1 10 100 1000

1}, total input pump intensity
{normalized to the line center saturation intensity)

DEGENERATE FOUR-WAVE MIXING IN SATURABLE ABSORBING MEDIA

1097
10 T T T T
é-. (d) aplfa =0)L = 60
2
T L)L) = 1
3 il Sl =5 4
2
& 2
=5
§
g 1 10, 20 =
3
£
o
01 L 1 1 1 £
10 T T T T_]
(e} agdfiu =0)L = 100
BT, = 6

TOVLL) = 1

phase-conjugate reflectivity

01 ] ! ] L7

1000 T T T |“°“

2 ) ag{Ba = 0)L" = 180
2 BTy =6
& 100R IOV =1 o
t
’3. 10 -
=
€
g
¢k .
o
£
a

1 C1 1 1 1 1

1 10 100 1000 10

[:. total input pump intensity
(normalized to the line center saturation intensity)

Fig. 2. Phase-conjugate reflectivity plotted as a function of the total input
pump intensity normalized by the line-center saturation intensity. Equal
input pump intensities are assumed. Each plot pertains to a different value
of the unsaturated, line-center pump attenuation og(dw = 0)L’, in the
range 1.0 to 180, and in each plot several different values of the nor-
malized laser detuning from line center, 8wT5, are shown.

where
a =a — %%? (11c)
a"=a+%z—f (11d)
k' = x%ﬁ—z‘ (11e)

Our new absorption constants, «’ and «”*, and coupling
constant, «', are known functions of I (z) and I,(z). Thus,
we are easily able to integrate these new coupled-ampli-
tude equations numerically and thereby calculate the
phase-conjugate reflectivity as

|40

R = .
|4,0)|*

(12)

IT1. REsuULTS

Figs. 2-4 show the predicted values of the phase-con-
jugate reflectivity over a broad range of values of laser
detuning, absorption path-length, and input pump inten-
sity. In all cases the two input pump intensities are as-
sumed to be equal. The laser detuning from line-center is
normalized by the homogeneous linewidth and is thus
given by the value of 6w7,. The absorption path-length is
given in terms of the unsaturated, line-center attenuation,
ag(6w = 0)L’, where L' = L/cos (8/2). The pump inten-
sity is given in terms of the total input intensity normal-
ized by the line-center saturation intensity, that is, by /9
= 4P| A7 + |4, 1T TR,

Fig. 2 shows the predicted phase-conjugate reflectivity
plotted as a function of the. total normalized input inten-
sity of the two pump fields. Each plot comprising Fig. 2
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Fig. 3. Phase-conjugate reflectivity plotted as a function of the unsatu-
rated, line-center, pump attenuation, ap(dew = 0)L'. Equal pump inten-
sities are assumed. Each plot pertains to a different value of the total
input pump intensity normalized by the line-center saturation intensity,
19, in the range 1.0 to 100, and in each graph several different values of
the normalized laser detuning from line-center, w7, are shown.

shows the reflectivity for several different values of the
normalized laser detuning éwT, for a fixed value of the
line-center attenuation of the medium given by ay(éw =
0)L’'. Fig. 2(a) shows that for ay(dw = 0)L' = 1, the max-
imum reflectivity is achieved by tuning the laser to line
center. For ay(dw = 0)L' = 3 [Fig. 2(b)] the maximum
reflectivity still occurs for line-center operation, but the
maximum reflectivity is four times larger. For ay(6w =
0)L' = 10, the maximum reflectivity occurs for a detun-
ing of éwT, = 2. However, to achieve this larger maxi-
mum reflectivity the laser intensity must be increased from
that appropriate for ag(édw = 0)L" = 1 or 3. Fig. 2(d)
shows that for ep(6w = 0)L' = 60, unit reflectivity can
be obtained for 6wT, = 5 and I = 60. We have deter-
mined that ay(6e = 0)L' = 60 is the smallest absorption
path length for which unit reflectivity can be achieved.
For still larger values of ap(dw = O0)L' [Fig. 2(e)], the
maximum reflectivity exceeds unity, but larger values of

6T, and of I7 are required to achieve these reflectivities.
Fig. 2(f) shows that for ay(éw = 0L’ = 180, infinite
reflectivity, implying the possibility of self oscillation, can
occur for wT> = 6 and Iy = 180, We have compared our
results for the phase-conjugate reflectivity with those ob-
tained by Brown [19] using a purely numerical method
and have found complete agreement.

Fig. 3 shows the predicted reflectivity plotted as a func-
tion of the line-center attenuation, oy(éw = 0)L’. In each
plot the total laser intensity normalized by the line-center
saturation intensity, I%l, is held fixed, and curves are plot-
ted for several different values of the detuning dw75. These
results are useful in determining the values of ay(dw =
0)L' and éwT, that give maximum reflectivity for a fixed
value of the pump intensity. In general, higher reflectiv-
ities can be achieved through the use of higher pump in-
tensities, although larger values of the absorption path-
length and of the detuning are then required. For the case
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Fig. 4. Similar to Fig. 3, except that each plot pertains to a different value
of the laser detuning from line-center, dwT,, and in each plot several
different values of the total input pump intensity normalized to the line-
center saturation intensity are shown.

12 = 1 [Fig. 3(a)], the maximum reflectivity is ~0.01,
and occurs for line-center operation and oy(dw = 0)L' =
2. For I{ = 4, the optimum detuning is again zero, but
the maximum reflectivity of ~0.05 occurs for op(bw =
0)L' = 8. For I3 = 10 [Fig. 3(c)] the optimum detuning
is given by éwT, = 2, and the reflectivity exceeds 10 per-
cent for ay(dw = 0)L’ = 20. I = 40 is the minimum total
intensity required to achieve a reflectivity of unity [Fig.
3(d)]. A detuning of éwT, = 4 and an absorption path
length of ap(6w = 0)L’' = 80 are required to achieve unit
reflectivity for this pump intensity. Still higher reflectiv-
ities can be obtained for I = 80 [Fig. 3(e)]. For P =
100 [Fig. 3(f)], the solutions predict infinite reflectivity
for w7, = 8 and agp(dw = 0)L' = 250.

Each graph in Fig. 4 shows the reflectivity plotted as a
function of ay(dw = Q)L' for a fixed value of the laser
detuning, and each curve corresponds to a given value of
the normalized laser intensity. These results are relevant
to a phase conjugate mirror pumped at a fixed frequency.
For line-center operation, Fig. 4(a) shows that the reflec-

tivity does not appreciably exceed 10 percent for reason-
able operating conditions. Fig. 4(b) shows that a reflec-
tivity of unity can be obtained for a laser tuned two
linewidths from line center. The total pump intensity must
exceed IY = 100 to achieve unity reflectivity, and for such
intensities, the reflectivity is relatively insensitive to the
value of ao(dw = Q)L'. Fig. 4(c) shows that reflectivities
approaching 10 are possible for a detuning of three line-
widths, although larger values of I? and a(dw = 0)L’ are
required to achieve these larger reflectivities. Self-oscil-
lation is possible when the detuning exceeds four line-
widths [Fig. 4(d)-(D)}].

IV. CoNcLusIONS

The qualitative behavior of the solutions displayed in
the last section can be understood in terms of simple phys-
ical arguments. In order to obtain a large phase conjugate
reflectivity, it is necessary that a large number of atoms
participate in the nonlinear optical process and, therefore,
o6 = 0)L’ should be chosen to be as large as possible.
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TABLE 1 _

MinMUM VALUES OF ABSORPTION PATH-LENGTH, LASER INTENSITY, AND
LaseEr DETUNING REQUIRED TO PRODUCE A PHASE-CONIUGATE
REFLECTIVITY OF UNITY AND OF INFINITY. THE CoONDITIONS UNDER WHICH
THESE MINIMUM VALUES APPLY FOR EACH CASE ARE SHOWN IN BRACKETS,

R=1 R—=>
60 180
(agBo =0)L),., (0T, 5,10 =60] (6uT, =6, 1= 180]

40 100
tITn)mir . .
[6uT, =4, a {sw=0)L =80] [BeT, = 8, a fsw=ml = 200]

2 4
(8Ty)...,

[1,%=200, afsw=0iL=200] | [L°=260, a ibw=0l = 260]

On the other hand, it is undesirable that absorption be
allowed to deplete any of the waves and, hence, the sat-
urated absorption coefficient o« = ap[1 + I + (dwT5)*] ™"
should be chosen to be as small as possible. The best com-
promise between these two coriflicting requirements is ob-
tained by detuning the interacting several-linewidth
waves from line center so that dispersive and not absorp-
tive effects dominate, and by adjusting the number density
and detuning such that

(b = O)L'

oL =T el

= 1, (13)

In addition, it is desirable that each atom be driven into
its nonlinear regime, which requires that the two contri-
butions /7 and 1 + (8»T3)” in the denominator of (13) be
comparable or that
B =1+ (bl (14)
The resuits shown in Figs. 2-4 are consistent with these
SIm le predictions. In Fig. 2, each curve peaks at a value
T given approximately by 1) = 2.0 (dwT»)*. The value
of 5wT2 which gives the maximum reflectivity is given
approximately by dw7; = 0.7 [ = 0)L']"*. In Fig.
3, each curve peaks at a value of ay(dw = 0)L' given
approximately by ap(éw = 0)L' = 1 + I + (8wT3)*. The
value of the detuning that maximizes the reflectivity is
given approximately by w7, = 0.7 [/2]". In Fig. 4, each
curve is again seen to peak for values of ag(éw = O)L’
given approximately by ap(dw = OL' = 1 + I} +
(6wT5)*. The fact that the maxirum reflectivity is ob-
tained when condition (13) is satisfied illustrates that the
pump dbsorption effects cannot be ignored in an optim-
ized phase conjugate mirror.

The theoretical results presented here can be sumima-
rized in terms of the minimum values of ag(dew = O)L',
I and 8w T, required to produce a given value of the phase
conjugate reflectivity. Such results are given in Table I
for the minimum values required to produce reflectivities
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of unity and of infinity. For each case, the values of the
other input parameters required to produce the desired
output are given in brackets.

In conclusion, we have presented a theory of degener-
ate four-wave mixing in saturable absorbing media that
includes the influence of pump absorption including sat-
uration and standing-wave effects. Our predictions differ
substantially from those based on theories that ignore the
effects of pump absorption. Our results are consistent with
a simple physical interpretation and can be used to deter-
mine the minimum absorption path length ay(dw = 0)L’
and pump intensity /9 required to produce a given phase
conjugate reflectivity.
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