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Nonfrequency-Shifted Phase Conjugation by
Brillouin-Enhanced Four-Wave Mixing
PAULNARUM

AND
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Abstract-We present a theoretical treatment of four-wave mixing
(FWM) in a Brillouin-active medium for the case in which the pump
waves differ in frequency by approximately twice the Brillouin frequency shift of the medium and in which the probe-wave frequency is
approximately the arithmetic mean of the frequencies of the two pump
waves. Under these conditions, the conjugate wave produced by the
FWM process has the desirable property of being at the same frequency as the probe. We derive the coupled amplitude equations describing this interaction. We solve these equations analytically in the
limit of negligible pump depletion and find that large phase conjugate
reflectivities are readily achievable. The coupled amplitude equations
are solved numerically for the general case, and it is found that large
power transfer from the pumps to the output wave is possible. The
output wave is shown to be a nearly perfect phase conjugate of the
probe wave, even far into the regime where pump depletion effects are
important. Our formalism predicts the existence of a parametric instability in the propagation of the pump waves, but good performance is
predicted before the onset of this instability.

nal wave,thisprocesscanneverleadtoreflectivities
greater than 100 percent.
In this paper, we describe theoretically a new method
for producing a phase conjugate wave. This method combines the desirable features of phase conjugation
by degenerate FWM with the desirable features
of phase conjugation by SBS, yet hasnone
of thedisadvantages
mentioned above of either.
The geometry for this interaction is shown in Fig. 1. The two pump waves of amplitudes E , and E2 are counterpropagating and differ in
frequency by 2 8 where 8 is the Brillouin frequency of the
FWM medium. The probe wave of amplitude
E3 is at a
frequency midway between thoseof the two pump waves.
In Fig. l(a) the probe wave enters the medium from the
same side as the high-frequency pump wave; in Fig. l(b)
the probe enters from the same side as the low-frequency
pump wave. In either case, the interaction of these three
HE twoprincipalmethods
for producingthephase
waves
leads to the generation of the phase conjugate out[ 11
conjugate of an optical wave are degenerate FWM
E4,whose frequency is equalto that of the probe.
put
wave
andstimulatedBrillouinscattering
(SBS) [2].Although
These
four
interacting waves are very strongly coupled
each of these processes is known to produce high-quality
because
the
nonlinearinteraction
is mediated by aninphase conjugation under certain conditions, each has cer8
that is resonantly extense
acoustic
wave
of
frequency
tain drawbacks that limit its usefulness. Degenerate FWM
cited
by
the
beating
between
the
probe
wave and the pump
leads to high-quality phase conjugation only
if the two
wave
that
propagates
nearly
antiparallel
to it and by the
pump waves are accurately aligned to be counterpropabeating
between
the
conjugate
wave
and
the
other pump
gating and to have wavefronts that are phase conjugates
wave.
We
show
below
that
this
interaction
can lead to the
of each other. Furthermore, the efficiency of the phase
generation
of
the
output
wave
with
reflectivities
in excess
conjugation process is typically rather low unless the fre100
percent.
Brillouin-enhanced
FWM
using
equal-freof
quency of the waves is chosen so that they can resonantly
quency pump waves has been observed by Andreev et al.
excite the nonlinear medium. On the other hand, stimu[4] and hasbeendiscussedtheoretically
by Scott[5];
latedBrillouinscattering
is easy to implementandhas
however,
their
geometry
has
the
undesirable
property that
high efficiency, but leads to phase conjugation that is imis
produced
at
a
frequency
other than
the
conjugate
wave
perfect both in that the output is shifted in frequency with
that
of
the
probe
wave.
respect to the input and in that
the output wavefront is
An important feature of the geometry considered here
only approximately the conjugate of that of the input [3].
is
that it ispossibletocreatethelow-frequencypump
Furthermore, since the SBS process is pumped by the sigwave by focusingthetransmittedhigh-frequencypump
wave into a cell in which the normal SBS process occurs,
as illustrated in Fig. 2. The Brillouin-active material used
ManuscriptreceivedSeptember23,1986;revisedJanuary29,1987.
This work was supported in part
by the New York State Center for Adin the SBS generator is selected so that its Brillouin frevanced Optical Technology and in part
by NATO under Science Fellowship quency is twice that of the material used in the Brillouin2822.
enhancedFWMregion.ThefrequencydifferencebeP. Narum was with the Institute of Optics, University of Rochester,
Rochester, NY 14627. He is now with the Norwegian Defence Research
tween the two pump waves thus has the proper value of
Establishment, N-2007 Kjeller, Norway.
28. Furthermore, since the backward-going pump wave
R. W. Boyd is with the Institute of Optics, University of Rochester,
is created by the SBS process, it is to good approximation
Rochester, NY 14627.
IEEE Log Number 8714410.
a phase conjugate of the forward-going pump wave, and

T

0018-9197/87/0700-1211$01.00 @ 1987 IEEE

1212

IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. QE-23, NO. I, JULY 1987

-1

E1.o

where ye = p (at / ap),, is the electrostrictive constant, u
is the speed of sound in the medium, Tijis :he Brillouin
linewidth, QG = w i - wj, and 2jij = k j - k j . Equation
(2) predicts that the amplitude of thedensity wave will be
particularly large when the condition

1%

( 1 GG I u)? = Q;
e 4,

4
(b)
Fig. 1. Thefour-wavemixing(FWM)geometriesconsideredhere.The
two counterpropagating pump waves
E , and Ez differ in frequency by
twice the Brillouin frequency shift fl of the medium. The frequencies of
the probe wave Ei and the signal wave E4 are halfway between those of
the pump waves. Both geometries lead to large reflectivities for weak
probewaves,butthegeometry
of (a) leads to higher energy transfer
when the probe is not weak.

E,, o - 2Q

Fig. 2. Experimental setup to generate the low-frequency pump wave from
the transmittedpumpwaveusingstimulatedBrillouinscattering.The
SBS medium has a Brillouin frequency twice that of the FWM medium.
Note that the two pump waves are automatically phase conjugatesof one
another.

hence the requirement that the two pump waves be phase
conjugates of one another is automatically satisfied.
We describe Brillouin-enhanced FWM by generalizing
the formalism used to describe the SBS process [6], [7] to
the FWM geometry [ 5 ] . We assume for definiteness the
geometry of Fig. l(a), although as shown below our results can readily be modified to pertain to the geometry
of Fig. l(b). Weassume that the various opticalfields are
linearly polarized in the same direction and can
be represented within the nonlinear medium as
Fj ( 7 , t )

=

$Ei( 7 )
(i

-

~

=

~

(

i -~w i i1)

.

+ C.C.

1, 2 , 3 , 4)

(1)

where k' is the wave vector of wave i in the medium and
w i is its frequency. The interference between each pair of
waves leads to a density variation within
the Brillouinactive medium through the process of electrostriction. We
next make the usual assumptions that areused to describe
the SBS process,namely,thatthe
hydrodynamicequations may be used in their linearized form, that the phonons are strongly damped, and thatthe slowlyvarying
amplitude approximation is valid. We then find that the
deviation of the material density fromits equilibrium value
po due to the interference between wave
i and wave j is
given by

(3)

is satisfied. This conditionholdswhentheinterference
pattern between waves i a n d j moves at thespeed of sound
in the medium. The density wave is resonantly enhanced
under this condition because the electrostrictive driving
term can couple effectively to a freely propagating acoustic wave. The frequency of this acoustic wave is 1 ; l j I v ,
whichis the Brillouinfrequency forthe interaction of
waves i and j . For the geometry of Fig. l(a), onlythe
interference of waves 1 and 4 and of waves 2 and 3 satisfies the Brillouin resonance condition (3). We therefore
will not consider the acoustic disturbance resulting from
theinteraction of anyother pairs of waves. Sincethe
acoustic wave vectors satisfy the condition GL4= G23, the
Brillouin frequency Q = I $14 I Y = \ @23 j zj is the same for
both resonantcontributions to thedensitygrating.
For
generality, we allow the possibility that the incident waves
do not exactly meet the Brillouin resonance condition, and
hence that the frequencies of the incident waves are related by
~2

= WI

~3

= W, -

-

2Q
Q

+ A2

(4)

+ A3

(5)

where the detunings A 2 and A3 are assumed to be small
compared to Q . The frequency w4 = w l + w 2 - w 3 of the
output wave is hence given by
~4 = W I

-

Q

+ A2

-

A,.

(6)

The density variation given by (2) leads to a variation
in the dielectric constant of the medium. The scattering
of the incident field from this inhomogeneity can be described in terms of a nonlinear contribution to the polarization of the medium that is given by

(7)

+

+

where F( 7, t ) = F,( 7, t )
F2( 7, t )
F3( 3, t ) +
F4( 7, t ) is the total electric field, which is required to
obey the driven wave equation

where n is the refractive index. We next derive the coupled amplitudeequationsobeyed by the slowlyvarying
field amplitudes by dropping from the right-hand side of
(8) those terms that are not at least approximately phase
matched. For simplicity, we also assume that the angle
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For the case in which the probe wave is nearly copropagating with the low-frequency pump wave [as in Fig. 1 (b)]
the appropriate boundary condition isE, ( 0 ) = 0 , and the
reflectivity now defined as E: ( L )/ E 3 (I,)is still givenby
the set of equations (12). We shall show later that this
symmetry no longerholdsforthecaseinwhichpump
depletion occurs. In this more general case, the geometry
of Fig. l(a) yields the higher transfer of energy from the
pump waves into the output wave, and for this reason, the
formulas (9)-( 11) have been written to apply explicitly to
the geometry shown in Fig. l(a).
The analyticresultsof(12)
are formallyidenticalto
those obtained by Scott [5]for his different choice of input
frequencies. As in that case, our expression for the predictedreflectivitysimplifiesdramaticallyundercertain
limits. In the limit in which the phase mismatch can
be
neglected, that is, the limit I A k I << I a , - a2 I, the amplitude reflectivity approaches the value

betweentheforward-goingpumpwaveandtheprobe
wave is small, and thereby obtain

aE-T
- -E: ( QI4 + Q2, e i A k z )
az

and

aE:

-=

az

-El ( Q14+

Q23

eiAkz)

where the coupling coefficients

and
for either the geometry of Fig. 1(a) or of Fig. l(b). If in
addition we consider the case in which the Brillouin resare proportional to the amplitudes of the density waves
onance condition A2 = A, is satisfied so that the param4 and of waves 2
driven by the beating of waves 1 and
eter g of (1 1) is a real positive number and in which the
and 3, respectively. The coefficient
g (I ,
Z2)L
input intensities are sufficiently large that
>> 1, the amplitude reflectivity r is seen to approach the
value ( I , /Z2)1/2 [ 5 ] .Hence, for the geometry of Fig.l(a),
the reflectivity is greater than unity if the pump wave that
copropagateswiththeprobeisstrongerthantheother
reduces to the line-center amplitude gain coefficient for
of Fig. l(b), the
thenormal SBS process [7] forthecase A3 = A*. The pump wave, whereas for the geometry
reflectivity
is
greater
than
unity
if
the
counterpropagating
wave vector mismatchA k = 2n8 / c is the intrinsic phase
mismatch of Brillouin-enhanced FWM in the geometry of pump wave is the stronger.
In Fig. 3, we display graphically the nature of the soFig.1.
lution
given by (12) for three different values of the cell
In the limit in which the complex
field amplitudes of
L and under the assumption that the Brillouin reslength
the pump waves can be assumed to be constant, the couonance
condition A, = A3 is satisfied. The power reflecpled amplitude equations (9c) and (9d) for the probe and
I
r l 2 is plotted as a function of the normalized intivity
conjugate wave amplitudes can be solved analytically. We
Zl L of the forward-going pump wave for several
tensity
find that the amplitude reflectivity r = E: ( 0 )/ E3( 0 ) for
different values of the ratio R = I , / I 2of the pump intenthe boundary condition E4 ( L ) = 0 is given by
sities. For definiteness, we use those values of the matea+aexp [(a' - u - ) L / ~ ] - 1 E ~ E ;
rial parameters that are appropriate for the case
of Brilr=louin-enhanced
FWM
in
carbon
disulfide
at
a
wavelength
2 G a - - a+ exp [(a' - a - ) L / 2 ] IElE2(
of 0.53 pm, that is, A k = 5.25cm-I and g = 0.075
( 1 2 4 cm/MW. It is seen from these plots that large reflectivities are readily obtained. We note that for large intensiwhere
ties,thereflectivityapproaches
the value I , / I 2 , as exai = -gzi
( i = 1, 2)
(12b) pected [ 5 ] .For the shortest cell length shown, wave vec2
/2
tor mismatch effects are unimportant and the reflectivity
a' = a1 - a2 i A k &- [ ( a ]- a2 -I- i A k )
4a,a2]
increases monotonically with increasing pump intensity,
(12c). whereas for longer cell lengths phase mismatch effects become important and the behavior becomes more compliand
cated.
It might be difficult experimentally to control the input
frequencies well enough that the Brillouin resonance condition is exactly met. In Fig. 4 we show the dependence

+

+

+

'
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broadens and develops a secondary peak that moves initially to negativedetuningsand later to positivedetunings. At the peaks of Fig. 4, the reflectivity formally becomes infinite. This
divergence
is
the origin of a
parametric instability in the FWM process. The
maximum
value of the pump intensity is limited by the onset of this
instability, which occurs when the complex denominator
in (12a) first becomes zero [8]. In the limit of an interaction region sufficiently short that A kL << 1, A k can be
neglected in (12), and the instability is seen to occur for
a forward pump intensity given by

and at a detuning from the Brillouin resonance of A3 A2 = f.?rr
/In ( R ) . More generally, the onset of this instability is determined numerically by finding the lowest
value of the intensity Z, for which (12) becomes infinite
for some value of the detuningA3 - A, from the Brillouin
resonance. We allow the detuning to be arbitrary because
when the reflectivity is infinite, an instabilitycan develop
even in the absence of an input field. The location of this
instability is marked by a small dot on each curve shown
0
100
200
in Fig. 3. Note that very large
reflectivities can be obNORMALIZED PUMP INTENSITY I,L [ M W k m ]
tained before this instability is reached. The threshold for
Fig. 3. Reflectivity of the Brillouin-enhanced FWM process plotted as a
SBS (taken as the condition that the exponential gain be
function of the normalized pump intensity for several different values of equal to 30) due to the E , pump wave in the absence of
the cell length L and the ratio R = I , /Z2 of the intensities of the two
the E2 pumpwaveoccursinallcases
at the value 200
pump waves. We assume the case
of exact Brillouin resonance (A, A2), and we use the values of the gain coefficient and wave vector misMW/cm2 of the normalized pump intensity. The threshmatch for the case of CS2 as the nonlinear medium and a wavelength of
old for instability is seen to be significantly lowered by
0.53 pm. The small dots mark the intensity at which an instability in the
the
presence of the counterpropagating pump wave under
propagation of the pump waves occurs.
most circumstances. Of the cases illustrated, only for L
= 0.1 cm and R = 1 is the threshold raised.
of the power reflectivity on the detuning A2 - A3 from
Since the reflectivities in Brillouin-enhanced FWM can
the exact Brillouin resonance, for a cell length of 2.5 cm be very large, it is easy to operate in a regime where sigand a pump intensity ratio of R = 40. For the caseof low nificant pumpdepletion occurs.Pump depletion effects
input intensities, the tuning curve has the same shape as are important both because they limit the fraction of the
be transferred to the signal wave
the Lorentzian-shape Brillouin resonance of (1 1). As the pump energy that can
pump intensities are increased gradually, the tuning curve and because they can limit the extent to which the signal
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wave is the phase conjugate of the probe wave. In order
to treat pump depletion effects, it is necessary to solve the
entire set of coupled equations (9). Analytic solutions to
the complete set of coupled equations describing FWM in
photorefractive materials [9] and in Kerr media [lo] have
recently been presented. However, we have been unable
to find an analytic solution to our set of equations because
the nature of the couplingis different in ourcase. We have
thussolvedthesetofequationsnumerically.Sincethe
boundary conditions for two of the waves are imposed at
z = 0, whereas the boundary conditions for the other two
waves are imposed at z = L , the equations constitute a
two-point boundary value problem. We have solved these
equations using a shooting and matching method[ 111. To
ensure the numerical accuracy of our solution, we have
verified that the relevant constants of the motion

and

give,n by the Manley-Rowe relations are conserved at all
pointswithintheinteractionvolumetobetterthan
0.3
percent. Sets of equations describing FWM are known to
lead to multivalued solutions [9], [lo]. We have not stud0
0.5
1
NORMALIZED PROBE INTENSITY I3(O)lrl*/ Ip
ied the possibility of multivalued solutions to our set
of
equations. Instead, we have determined only that solution Fig. 5 . (a) Energy transfer characteristics in the pump depletion regime.
The fraction of the total input pump intensityI , that is transferred to the
whichconnectsadiabaticallytothelow-probe-intensity
signal wave is plotted as a function of the probe intensity, normalizedin
solution as theprobeintensityisincreasedgradually.
such a way that allof the curves have the same slope for low intensities.
However, we believe that our solutions are stable because In each of the illustrated cases, the pump intensity is
just belowthe
threshold for instability. (b) Variation of the phase
of the signal wave
small changes in our input parameters lead to only small
plotted as a function of the probe intensity, for the same cases as illuschanges in the output. We have performed such calculatrated in (a).
tions using a variety of cell lengths. We find that the best
results are obtained when the input intensities are as large
energy transfer is possible. In order for the signal wave
as possible while avoiding the threshold for instability,
it is
to
be the true phase conjugate of the probe wave,
when the cell is sufficyently short that wave vector misnecessary
that
the
signal
intensity
depend
linearly
on
the
match effects are nearly negligible, and when using the
probe intensity and that the phase shift upon reflection not
geometry of Fig. l(a) instead of that of Fig. l(b). The
depend upon the probe intensity.
We see from Fig. 5(a)
geometryof Fig. l(a) leads
toalargerenergytransfer
that
the
transfer
characteristics
are
more nearly linear for
thanthat of Fig. l(b) because for Fig. l(a) the
output
low
pump
intensity
ratios,
implying
that
high-quality
waveexperiencesBrillouingainthroughitsinteraction
with the forward-going pump wave, whereas for Fig.l(b) phase conjugation consistent with high energy transfer is
best achieved through the use
of a low pump intensity
the output wave is attenuated by its interaction with the
Of
course,
this
enhanced
performance
in terms of
ratio.
backward,-going pump wave. Typicalresults are shown in
cm and pump beam intensity the linearity of the transfer characteristics and the energy
Fig. 5 for a cell length of 0.1
transferefficiency is accompanied by a decrease in the
ratios of 10, 30, 100, and 300. The pump intensities are
chosen to be just below the onset of instability, and
are unsaturated reflectivity. Fig. 5(b) shows the variation in
the phase of the signal wave as the probe intensity is ingiven by I , = 720, 766, 860, and 967 MW * cm-,, respectively. Fig. 5(a) shows the fraction of the total pump creased. Note that even in the worst case shown this variwave energy that is transferred to the signal wave plotted ation corresponds to less than 1/50 of a wave of aberration of the phase front of the signal wave, and that the
as a function of the probe intensity normalized in such a
performance is improved through the use of a lower pump
manner that all of the curves initially have the same slope.
The curves are hence normalized in terms of the unsatu- intensity ratio.
In conclusion, we have presented a theoretical descriprated reflectivities, which are given for the four cases by
tion of Brillouin-enhanced FWM in a new geometry for
9.56,26.36,78.82, and 217.4, respectively.Notethat
waveshave thesamefrethe reflectivity saturates less rapidly through the use of a which theprobeandsignal
lower pump intensity ratio and that more than 40 percent quency. We find that high reflectivity, large energy trans-
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