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Some New Results in Nonlinear Optics

1.  Nonlinear optical properties of epsilon-near-zero materials
 
2.  How to prevent laser-beam �lamentation

3.  In�uence of nonlinearity on optical rogue waves



Epsilon-Near-Zero (ENZ) Materials
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Physics of Epsilon-Near-Zero (ENZ) Materials

  

       Thus vphase = c / n is nearly in nite
       λ = λvac / n is nearly in nite

     Einstein A A)
              A = n Avac 

     Einstein B coe cient 
B

             B = Bvac  / n

    

ε
n = sqrt (ε) is nearly zero. 



Physics of Epsilon-Near-Zero (ENZ) Materials -- More

???

Y. Li, et al., Nat. Photonics 9, 738, 2015; D. I. Vulis, et al., Opt. Express 25, 12381, 2017.

 Y. Li, et al., Nat. Photonics 9, 738, 2015.



Some Consequences of ENZ Behaviour - 1

n = 0n = 0

..

n = 0

A. Alù et al., Phys. Rev. B 75, 155410, 2007; X.-T. He, ACS Photonics, 3,  2262, 2016.

J. Bravo-Abad et al., Proc. Natl. Acad. Sci. USA 109, 976, 2012.

O. Reshef et al., ACS Photonics  4, 2385, 2017.

vac



Some Consequences of ENZ Behaviour - 2

n = 0

n = 0

c vanishes 

In
H. Suchowski et al., Science 342, 1223, 2013.

M. G. Silveirinha and N. Engheta, Phys. Rev. B  76, 245109, 2007; B. Edwards et al.,  Phys. Rev. Lett. 
     100, 033903, 2008.



Some Consequences of ENZ Behaviour - 3
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Epsilon-Near-Zero Materials
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Epsilon-Near-Zero Materials for Nonlinear Optics

 • We need materials with a much larger NLO response

• We recently reported a material (indium tin oxide, ITO) with
   an n2 value 100 time larger than those previously reported.

• This material utilizes the strong enhancement of the NLO response that 
   occurs in the epsilon-near zero (ENZ) spectral region.

Large optical nonlinearity of indium tin oxide in its epsilon-near-zero region, 
M. Zahirul Alam, I. De Leon, R. W. Boyd, Science 352, 795 (2016). 



Implications of ENZ Behavior for Nonlinear Optics

Here is the intuition for why the ENZ conditions are of interest in NLO

Note that for ENZ conditions the denominator becomes very small, 
leading to a very large value of n2



            Optical Properties of Indium Tin Oxide (ITO)

ITO is a degenerate semiconductor (so highly doped as to be metal-like).

It has a very large density of free electrons, and a bulk plasma frequency 
       corresponding to a wavelength of approximately 1.24 μm.

Recall the Drude formula

There has been great recent interest in studies of ENZ phenomena:

H. Suchowski, K. O'Brien, Z. J. Wong, A. Salandrino, X. Yin, and X. Zhang, Science 342, 1223 (2013).
C. Argyropoulos, P.-Y. Chen, G. D'Aguanno, N. Engheta, and A. Alu, Phys. Rev. B 85, 045129 (2012).
S. Campione, D. de Ceglia, M. A. Vincenti, M. Scalora, and F. Capolino, Phys. Rev. B 87, 035120 (2013).
A. Ciattoni, C. Rizza, and E. Palange, Phys. Rev. A 81,043839 (2010).
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Huge Nonlinear Optical Response Measured by Z-scan
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Wavelength dependence of n2 Variation with incidence angle

wavelength maximum
values are shown 

• Both n2 and nonlinear absorption increase with angle of incidence
• n2 shows a maximum value of 0.11 cm2/GW = 1.1 x 10-10 cm2/W at 1.25 μm
      and 60 deg. This value is 2000 times larger than that away from ENZ region.

• Note that n2 is positive (self focusing) and β is negative (saturable absorption)

• n2 is 3.4 x 105 times larger than that of fused silica
  n2  is 200  times larger than that of chalcogenide glass
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0.7 The nonlinear change in 
refractive index is so large as
to change the transmission, 
absorption, and reflection!

Note that transmission is 
increased at high intensity.

Here is the refractive index 
extracted from the above data.

Note that the total nonlinear 
change in refractive index is 
Δn = 0.8.

The absorption decreases at
high intensity, allowing a
predicted NL phase shift of
0.5 radians.
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Nonperturbative Nature of the NLO Response

1.  The conventional equation                              is not applicable to ENZ and 
    other low-index materials.  The nonlinear response is nonperturbative.

2.  The nonlinear response can be accurately modeled in the  limit by 

3.    More generally, the intensity dependent refractive index can be described by

where

and

Reshef, Giese, Alam, De Leon, Upham, Boyd, Opt. Lett. 42, 3225 (2017).
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Reshef, Giese, Alam, De Leon, Upham, Boyd, Opt. Lett. 42, 3225 (2017).



Nonlinear Response of ITO is Nonperturbative



•  &an we oEtain an even larger 1/2 response Ey placing a gold antenna 
   array on top oI IT2"
•  /ightning rod eIIect�  antennas concetrate the Iield within the IT2

600 nm

&oncept�

SEM�

An E1Z MetasurIace

 Alam, Schulz, Upham, De Leon and Boyd,
 Nature Photonics 12, 79-83 (2018).



NLO response of the coupled antenna-ENZ system

Figure 5: The material exhibits extremely large   n   over a broad spectral2

range. The magnitude of the on-resonance value is 7 orders of magnitude
larger than that of SiO2 .

~ 2 x 107 n2 (SiO2)

x 107



Discussion

• A broadband  nonlinear  material  with n2 values up to  7 orders       of    
magnitude larger than that of SiO2.

• Sub-picosecond   response    time.

• ∆ n ≈ ± 2.5 over very large bandwidth.

• One can tailor the sign of the nonlinearity by simply designing 
the geometric parameters of the antenna appropriately.
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Self Action Effects in Nonlinear Optics

Self-action effects:  light beam modifies its own propagation

d

self focusing

self trapping

small-scale filamentation







Prediction of Self Trapping 

d
θ

ʹθ

n = n0

n = n0

n = n0 +δn

radial profile of self
-trapped beam
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Beam Breakup by Small-Scale Filamentation

Predicted by Bespalov and Talanov (1966)

Exponential growth of wavefront imperfections by four-wave mixing processes

transverse wavevector
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Optical Solitons

Field distributions that propagate without change of form 

Temporal solitons (nonlinearity balances gvd)

Spatial solitons (nonlinearity balances diffraction)

1973: Hasegawa & Tappert
1980: Mollenauer, Stolen, Gordon

1964: Garmire, Chiao, Townes
1974: Ashkin and Bjorkholm (Na)
1985:  Barthelemy, Froehly (CS2)
1991:  Aitchison et al. (planar glass waveguide
1992:  Segev, (photorefractive)
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Breakup of Ring Beams Carrying Orbital Angular Momentum (OAM)  in Sodium Vapor

ℓ=1

ℓ=2

ℓ=3

t

t

M.S. Bigelow, P. Zerom, and R.W. Boyd, Phys. Rev. Lett 92, 083902 (2004)

Experiment Numerical simulation
In In OutOut

ℓ
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Experimental Setup

Q-plate:  SAM to OAM converter







Conclusions:  stability of
vector OAM beams

t Vector vortex beams:
   stable propagation

t Poincareé beams:
  stable propagation

Poincaré beam Vector vortex 
      beam

Pure OAM beam

In

Out

t Pure OAM beam:
   beam breakup

Stable Stable Unstable

Bouchard et al, PRL 117, 
233903 (2016).
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•  Is nonlinearity important?  Required?  Or does it actually inhibit 
    rogue-wave formation?

A. Safari, R. Fickler, M. J. Padgett and R. W. Boyd, Phys. Rev. Lett.  119, 203901 (2017).

Influence of Nonlinearity on the Creation of Rogue Waves

    •  Study rogue-wave behavior in a well-characterized optical system



Oceanic rogue waves
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Sailors: we see gigantic waves.
Scientists: it is a fairy tale!

Ocean waves follow
Gaussian distribution.
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Oceanic rogue waves
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First scientific observation
of rogue waves in Draupner
oil platform (1995):



Characteristics of rogue waves
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Wave amplitude2
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Normal	distribution	(decay	exponentially)

Rogue	waves	(Heavy-tailed)

Probability	distribution	in	rogue	systems:

§ Rogue	waves	appear	from	nowhere	and	disappear	without	a	trace.	

§ Rogue	waves	≠	accidental	constructive	interference	

§ They	occur	much	more	frequently	than	expected	in	ordinary	wave	statistics.

§ Not limited to ocean: Observed in many other wave
systems including optics.



Rogue waves in 1D vs 2D systems
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“Nonlinear Schrödinger equation” explains the wave dynamics in the 
ocean as well as in optics.

Rogue events studied extensively in 1D systems, such as optical fibers.

Two focusing effects in 2D systems:
• Linear: Spatial (geometrical) focusing
• Nonlinear: Self focusing

Water waves are not 1D.
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D. R. Solli, C. Ropers, P. Koonath & B. Jalali, Nature 450, 1054 (2007).
J.M. Dudley et al, Nat. Photon, 8, 755 (2014)
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Optical caustics
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Swimming	pool

Coffee	cup

• Caustics	are	defined	as	envelope	of	a	family	of	rays

• Singularities	in	ray	optics

• Catastrophe	theory	is	required	to	remove	singularity

Books:
J.F.	Nye, Natural	Focusing	and	Fine	Structure	of	Light.
Y.A.	Kravtsov,	Caustics,	Catastrophes	and	Wave	Fields.
O.N.	Stavroudis,	The	Optics	of	Rays,	Wavefronts,	and	Caustics.

Ray	picture



Generation of optical caustics

8A	sharp	caustic	is	formed	only	if	the	phase	variations	are	large

Phase	variations:

Corresponding	
intensity	
variations:



Statistics of caustics
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1000	different	
patterns	for	
each	Δ

( )CAExp B I-

Intensity	
distributions	
with	fit	to

A.	Mathis,	L.	Froehly,	S.	Toenger,	F.	Dias,	G.	Genty &	J.	Dudley.	Scientific	Reports	5,	1	(2015).

Caustics	exhibit	long-tailed	probability	distribution



Nonlinear focusing
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Self	focusing:

n = n0 + n2 I
Refractive	index	depends	on	intensity:

Rubidium	cell
Rubidium	vapors	show	large	nonlinear	effects



After	linear	
propagation:

After	nonlinear	
propagation:
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Effect of nonlinearity on caustics

Phase	variations:



( )CAExp B I-Intensity	distributions	with	fit	to

Linear	
propagation:

After	nonlinear	
propagation:

13

Statistics of caustics
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Linear	propagation	was	simulated	by	FFT	beam	propagation

Experiment:

Simulation:

Simulation – Linear propagation
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NLSE: Atomic	polarization:

Our	Rb model	includes:
• All	hyperfine	transitions
• Doppler	broadening
• Power	broadening
• Collisional broadening
• Optical	pumping

Simulation – Rb model
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Experiment:

Simulation:

Nonlinear	propagation	was	simulated	by	FFT	beam	propagation	and	split-step

Simulation – Nonlinear propagation

A.	Safari,	R.	Fickler,	M.	Padgett,	R.	Boyd	,	
Physical	Review	Letters	119,	203901	(2017)
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§ Caustics are rogue waves!

§ Generation of caustics by linear propagation requires large
phase fluctuations

§ Nonlinear effects can enhance the generation of caustics.

Conclusions

Linear
Nonlinear





Caustics in ocean waves
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M.	V.	Berry,	Focused	tsunami	waves,	Proc.	R.	Soc.	A	(2007)

Caustic	of	tsunami	focused	by	
an	underwater	island	lens

Simulated	linear	
propagation	of	
tsunami	waves,	using	
real	ocean	floor	
bathymetry:

Ocean	bathymetry

H.	Degueldre,	J.	Metzger,	T.	Geisel	and	R.	Fleischmann,	Nature	Physics 12,	259	(2016).




