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Absorptionless self-phase-modulation via dark-state electromagnetically induced transparency
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We study a combination of two-level electromagnetically induced transparency and dark states, and show
that desirable features of both phenomena can be obtained in a single system. In particular, large self-phase
modulation can be produced without pump or probe absorption, and without spontaneous-emission noise. We
point out possible application of our system as a source for squeezed light.
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I. INTRODUCTION

The closely related phenomena of dark states and ele
magnetically induced transparency~EIT! have greatly en-
riched the fields of nonlinear and quantum optics in rec
years. Although these two processes produce similar effe
they have important distinctions. Atomic dark states@1,2# are
coherent superpositions of the two lower levels in a thr
level lambda (L) system that are not coupled to the excit
state by the two applied laser fields. An atom prepared
dark state will not absorb the incident fields, have no excit
state population, and thus no spontaneous emission. Un
tunately for many applications in nonlinear optics, self-pha
modulation also vanishes along with absorption. Electrom
netically induced transparency@3,4# is a pump-probe effec
that provides transparency in a variety of systems@5#. While
dark states are specific toL configurations, EIT occurs mor
generally: in two-level@6#, cascaded three-level@7#, and
four-level systems@8#. In these systems there can be lar
third-order susceptibility, and thus self-phase modulation
the absence of absorption of the probe field@9#. Unfortu-
nately, spontaneous emission cannot be eliminated c
pletely in these systems. The presence of spontaneous e
sion with associated noise limits the use of these EIT syst
for noise-sensitive applications such as squeezed-light
eration@10#. One possible exception using four fields is t
double lambda system@11#, which has been shown to pro
duce a large third-order nonlinear susceptibility in the a
sence of absorption@9#.

In this paper, we combine the benefits of dark states
two-level EIT to create a system that has no absorpt
while still possessing large self-phase modulation~SPM! of
the signal field. There is no absorption of the pump fie
and, in addition, spontaneous-emission noise is elimina
because there is no population in the excited state. Su
system would be useful for applications such as squee
light generation via self-phase modulation and spatial sol
propagation. It should be noted that there is a recent stud
the linear absorption of such a system@12#. Gain profiles
have also been studied in a lambda system, where a s
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pump field is allowed to couple to both arms of the syst
@13#.

The present paper is organized as follows. Section II p
sents the theoretical formulation, while Sec. III outlines t
special features and drawbacks of the two-level and
three-levelL systems and shows that these systems do
achieve the goals individually. In Sec. IV, a theoretical mod
of the dark-state electromagnetically induced transpare
~DS-EIT! system is formulated for experiments in a sodiu
cell. The analysis first considers only radiative broadeni
then includes the effects of collisional and Doppler broad
ing.

II. THEORETICAL FORMULATION

We will consider a closed three-levelL system with two
applied fields of the formẼ(t)5Ebe2 ivbt1Ede2 ivdt1c.c,
each coupling to a lower level, with corresponding Rabi w
frequenciesVb52mabEb /\ andVd52macEd /\. Detunings
of these fields with respect to the upper bare atomic stateua&
areDb5vb2vab andDd5vd2vac . Here, we generalized
the Ed field to be comprised of a carrier and a modulati
field in the form:

Ed~ t !e2 ivdt5Ece
2 ivct1Ese

2 ivst. ~2.1!

The population decay ratesgb and gc are from ua& to the
lower statesub& and uc&. g1 and g2 are the population ex-
change rates betweenuc& to ub& and ub& to uc&, respectively.
The coherence dephasing rates are

gab5
gb1gc1g2

2
1gab

coll ,

gca5
gb1gc1g1

2
1gca

coll ,

gcb5
g11g2

2
1gcb

coll , ~2.2!

where the phase decay due to elastic collisions is design
by the superscriptcoll. The complex dephasing rates a
defined as
©2001 The American Physical Society10-1
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Gab5gab2 iDb5Gba* ,

Gca5gca1 iDc5Gac* ,

Gcb5gcb1 iDc2 iDb5Gbc* . ~2.3!

The quantityr i j 5s i j m i j e
2 iv i j t is the dipole moment ex

pectation value~for iÞ j ) and the population~for i 5 j ).
Starting from the general density-matrix equations of mot
and using the population conservation rule for closed ato
systems,

15raa1rbb1rcc , ~2.4!

we eliminateraa leaving

ṙbb2gb52~gb1g2!rbb2~gb2g1!rcc

1
i

2
Vb* rab2

i

2
Vbrba ,

ṙcc2gc52~gc2g2!rbb2~gc1g1!rcc

1
i

2
Vd* rac2

i

2
Vdrca ,

ṙab1
i

2
Vb5 iVbrbb1

i

2
Vbrcc2Gabrab1

i

2
Vdrcb ,

ṙac1
i

2
Vd5

i

2
Vdrbb1 iVdrcc2Gacrac1

i

2
Vbrbc ,

ṙbc52
i

2
Vdrba1

i

2
Vb* rac2Gbcrbc ,

ṙba2
i

2
Vb* 52 iVb* rbb2

i

2
Vb* rcc2Gbarba2

i

2
Vd* rbc ,

ṙca2
i

2
Vd* 52

i

2
Vd* rbb2 iVd* rcc2Gcarca2

i

2
Vb* rcb ,

ṙcb5
i

2
Vd* rab2

i

2
Vbrca2Gcbrcb . ~2.5!

These equations can be written compactly in matrix fo
as

Ṙ1S5MR, ~2.6!

where we define

R[~rbb , rcc , rab , rac , rbc , rba , rca , rcb!
T

~2.7!

andS is a constant vector.
In this paper, we consider the effect of two strong fie

on the behavior of a weak signal field. To explicitly show t
third weaker signal field, we define

Vd5Vc1Vse
2 idt, ~2.8!
01381
n
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s

whereVc is the Rabi frequency of the strong pump fieldEc ,
Vs is that of the weak signal fieldEs andd is the detuning
betweenEs and Ec (d5Ds2Dc5vs2vc), see Fig. 1. The
matrix M and vectorS are each partitioned into terms wit
different time dependence

M5M01e2 idtVsM11eidtVs* M 21 , ~2.9!

and

S5S01e2 idtVsS11eidtVs* S21 . ~2.10!

Substituting these definitions into Eq.~2.6!, we obtain

Ṙ1S01e2 idtVsS11eidtVs* S21

5~M01e2 idtVsM11eidtVs* M 21!R.

~2.11!

A simple application of Floquet’s theorem shows that t
stationary solutionR to Eq.~2.11! will have only terms at the
harmonics of the detuningd. We assume thatEs is weak
enough so that the Floquet harmonic expansion can be t
cated at the third order

R5R01e2 idtVsR11eidtVs* R211e22idt~Vs!
2R2

1uVsu2H01e2idt~Vs* !2R221e23idt~Vs!
3R3

1e2 idtVsuVsu2H11eidtVs* uVsu2H211e3idt~Vs* !3R23 .

~2.12!

The coefficients are obtained by substituting Eq.~2.12!
into Eq. ~2.11! and equating the coefficients of the differe
harmonics ofd and corresponding powers ofVs . The result-
ing equations are

R15~M01 id!21~S12M1R0!, ~2.13!

H152~M01 id!21~M1H01M 21R2!, ~2.14!

etc.
The linear susceptibility of the signal field can be o

tained from the fourth element of theR1 vector (rac
(1)) and

the nonlinear susceptibility~for self-phase modulation! from
the fourth element of theH1 vector (rac

(3)). The total suscep-
tibilities of the pump fieldsEb andEc can be obtained from

FIG. 1. The dark-state electromagnetically induced transpare
system.
0-2
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ABSORPTIONLESS SELF-PHASE-MODULATION VIA . . . PHYSICAL REVIEW A65 013810
the third and fourth element of theR0 vector (rab
(0), rac

(0)),
respectively. The population in the lower statesub& and uc&
are from the first and second elements of theR0 vector (rbb
andrcc), respectively, and using Eq.~2.4!, the population in
the excited state can be calculated. These procedures
analytic expressions forx (1), x (3), etc. but these expression
are omitted here for brevity.

III. BUILDING BLOCKS

The combination of dark states and EIT produces a r
range of phenomena. To make sense the inherent comple
and to see why we find it necessary to use the combinat
we find it useful to examine limiting cases in which th
various phenomena can be introduced separately. We b
with EIT in a simple two-level system, and then proceed
look at a three-level system.

A. EIT in a two-level system

We first analyze the two-level system@6# as a candidate
for meeting the goals described above. EIT-like features
be found in a two-level system by applying two fields to t
same transition. This simple system can be studied as a
iting case of the theory from Sec. II. We remove lower lev
ub& by settingVbT1 , g1T1, andgbT1 to zero andgcT151,
whereT1 is the excited-state lifetime. We setg2T1'10210 to
prevent numerical problems with inverting a singular mat
but the predictions obtained in this way are indistinguisha
from those obtained withg2T150 as calculated in Refs
@6,9#. Here, we assume radiative decay (T252T1) unless
stated otherwise. For comparison, the number density use
all numerical plots is identical to that of the Doppler broa
ened DS-EIT case; working with the hyperfine levels at
D1 line in a sodium cell at 300 °C, the number density
2.331014 cm23.

The first-order probe absorption spectrum in this tw
level case is often called the Mollow absorption spectr
@14#. A graph of the predictions of our theory for this spe
trum in the caseDcT151 andVcT155 is presented in the
upper portion of Fig. 2. The strong pump field splits both t
levels into doublets. Probing the system with a weak sig
field on the same transition, we see a strong absorption p

FIG. 2. Linear and nonlinear response of a homogeneo
broadened, two-level system withDcT151 andVcT155.
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on the red~lower frequency! side of resonance and gain o
the blue side. These features are found at frequencies
placed by the generalized Rabi frequency (Vc85AVc

21Dc
2)

on either side of the bare-atom resonance. The differenc
the amplitude between the absorption peak and the gain p
can be attributed to the one-photon detuning. Taking
analysis to third-order, we can identify a set of paramet
where the SPM is relatively large while the linear absorpt
vanishes for the signal field~Fig. 3!. An inherent disadvan-
tage of a two-level system is that there is absorption of
pump field. Thus, as the pump Rabi frequency is redu
with propagation, the transparency window shifts and
result is a loss of transparency for the signal field. Anoth
consequence is that there is substantial population in the
cited state producing spontaneous emission. The popula
of the excited state of the two-level system in the abo
example is approximately 0.45. This system fails to sati
all the goals that we have set.

B. Nonlinear optics of coherent population trapping

One of the important features of a regular three-levelL
system is that a dark state can be created. Similar to E
there is a transparency window for the signal field when
atom is excited at the two-photon resonance. With the t
fields ~pump and signal! coupling theL system~with no
coupling between lower states!, two coherent superposition
of the lower atomic basis states can be defined as

u1&5
Vb

V8
ub&1

Vs

V8
uc&

u2&5
Vs

V8
ub&2

Vb

V8
uc&, ~3.1!

whereV85AVb
21Vs

2. The stateu1& is called the ‘‘bright’’
state as it is coupled via the pump and signal fields to
excited atomic stateua&. On the other hand, the‘‘dark state
u2& is completely decoupled. Then, if the atom begins in
arbitrary linear combination of the two lower levels, the am
plitude that is initially in the bright state will be pumped u
into the excited state, where it can spontaneously decay
either the bright or the dark state. In a few spontaneous em

ly

FIG. 3. Expanded view of Fig. 2, showing that the self-pha
modulation coefficient~proportional to Rex (3)) is nonzero at the
detuning where there is no absorption of the signal field.
0-3
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sion lifetimes all of the population will be pumped into th
dark state, effectively decoupling the atom from the two a
plied fields. The transparency of the medium to the propa
tion of the pump and signal fields is not caused merely by
Autler-Townes splitting~the signal experiences two absor
tion peaks at the detuning of half the generalized Rabi
quency,Vb85AVb

21Db
2) but a destructive interference th

cancels all absorption. Upon further analysis of the thi
order susceptibility, one finds that the real part ofx (3) also
vanishes as the linear absorption vanishes. In fact, all sus
tibilities vanish at exact two-photon resonance where a p
fect dark state is created. These phenomena are illustrat
Fig. 4 for the case in which we setDcT1 , g1T1 , g2T1, and
VcT1 to zero. WithDbT1 fixed, dT1 is the two-photon de-
tuning as well as the one-photon detuning of the signal fie
We also takegbT153/8, gcT155/8, VbT155, and DbT1
51 in our illustrated example. While the system is ideal
the sense that there is no absorption or spontaneous e
sion, the desirable property of self-phase modulation a
vanishes.

FIG. 4. Linear and nonlinear response of a homogeneo
broadened, three-levelL atom with DbT150 andVbT155. Note
that the SPM coefficient vanishes at the frequency of induced tr
parency.

FIG. 5. Linear and nonlinear response of the radiatively bro
ened DS-EIT system withDbT152, DcT150, VbT150.5, and
VcT1518.
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IV. THE DARK-STATE ELECTROMAGNETICALLY
INDUCED TRANSPARENCY SYSTEM

With a suitable combination of the two systems cons
ered above we can reap the benefits of each, while elimi
ing the limitations. In the DS-EIT system~Fig. 1!, the two
pump fields create the dark state and a third signal field
teracts with the coherently prepared system. We can fin
set of field parameters so that the SPM term is still la
while both the linear and third-order nonlinear absorption
negligibly small. There is neither appreciable population
the excited state nor appreciable absorption of the pu
fields. Thus, the transparency window, which is depend
on the Rabi frequency does not shift as the beams are pr
gated.

As reviewed in the previous section, if we have a perf
dark state, all the responses vanish at two-photon resona
Thus, we need to find an atomic system for which the t
lower levels have a larger direct coupling decay, or we ne
to detune the fields slightly off two-photon resonance. It
much easier to control the two-photon detuning experim
tally. Consider our three-level system withDbT152, DcT1
50, VbT150.5, VcT1518, gbT153/8, and gcT155/8.
The predictions of the radiatively broadened model un
these conditions are shown in Figs. 5 and 6 around the p
of zero absorption with the excited-state population at
proximately 1024. The excited-state population is also plo
ted as a function of the two pump Rabi frequencies in
absence of the signal field in Fig. 7.

The physics of the rather complex plots can be underst

ly

s-

-

FIG. 6. Expanded view of Fig. 5, showing the SPM coefficie
is nonvanishing at the frequency where the linear and nonlin
absorption vanish.

FIG. 7. Excited-state population as a function of the two pu
amplitudes~expressed in terms of the normalized Rabi frequenc!
for the caseDbT152. Note that the excited-state population can
neglected through the use of a pump fieldC sufficiently intense,
VcT1.15.
0-4
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ABSORPTIONLESS SELF-PHASE-MODULATION VIA . . . PHYSICAL REVIEW A65 013810
in terms of resonances between the triplets that form
dressed states of the three-level, two strong field system@15#.
We will not include such an analysis here, but simply pres
the graphical results.

Figure 8 shows a similar response when Doppler bro
ening is included. All three fields are copropagating in
sodium cell. At a cell temperature of 300 °C, a Gauss
distribution for the one-photon detuning is assumed wit
width ~half width at half maximum! of 0.9 GHz. To prevent
the effects from averaging out, argon buffer gas is introdu
with a density of 4.631018 cm23, which leads to collisional
broadening of 0.6 GHz. For Db50.8 GHz, I b
55.08 W/cm2 andI c56.58 kW/cm2, the excited state popu
lation is at 3.431024. At a detuning of23 GHz, Imx (1)

58.4310210 esu, Imx (3)52.431028 esu, Rex (3)51.6
31027 esu ~positive!, and b25]2/]d2x (1)521.2
310211 s2/m is of the opposite sign, satisfying one of th
key conditions for temporal solitons. Other parameters s
as critical energy~power! must also be achieved to establi

FIG. 8. Response of a DS-EIT system with the inclusion
Doppler broadening. Db50.8 GHz, I b55.08 W/cm2 and I c

56.58 kW/cm2. Note that linear and nonlinear absorption vani
~around23 GHz) while the SPM coefficient is retained.
.
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a temporal~spatial! soliton but since that is beyond the sco
of this paper, we will not be going into further details. Th
nonlinear phase shift is

DfNL5
2p

l
n2I sLs , ~4.1!

wheren250.0395 Rex (3)/n0
2, n0

25114p Rex (1), x (1) and
x (3) are measured in esu,I s is the signal intensity in W/cm2,
andLs51/a is the absorption length for the signal field.I c is
assumed to be ten times stronger thanI s to prevent back
action of the signal field onto the system. Using a cell len
of 10 cm with the field absorption lengths much longer th
that (Ls is 8.9 m!, n2 is 6.231029 cm2/W, giving a nonlin-
ear phase shift of 4.3 rad. This is close to the value of 4
predicted by Blowet al. @16# for optimal squeezed-light gen
eration via self-phase modulation.

V. CONCLUSION

We have shown that dark states can provide transpare
with no spontaneous-emission noise, but with no SPM
driven two-level system can enhance SPM with no abso
tion of the signal field but with appreciable excited-sta
population due to pump-field absorption. Combining the tw
it can be seen from the graphs that the response of the
EIT system may be complicated but it does enjoy the bene
from both the two-level and the three-levelL systems, while
overcoming the disadvantages of both. Possible applicat
of this system are to the generation of spatial solitons or
squeezed light.
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