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Abstract: The orbital angular momentum (OAM) carried by optical beams is a useful quantity
for encoding information. This form of encoding has been incorporated into various works
ranging from telecommunications to quantum cryptography, most of which require methods
that can rapidly process the OAM content of a beam. Among current state-of-the-art schemes
that can readily acquire this information are so-called OAM sorters, which consist of devices
that spatially separate the OAM components of a beam. Such devices have found numerous
applications in optical communications, a field that is in constant demand for additional degrees
of freedom, such as polarization and wavelength, into which information can also be encoded.
Here, we report the implementation of a device capable of sorting a beam based on its OAM
and polarization content, which could be of use in works employing both of these degrees of
freedom as information channels. After characterizing our fabricated device, we demonstrate
how it can be used for quantum communications via a quantum key distribution protocol.
© 2017 Optical Society of America
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1.

Introduction

The panoply of means for distinctively shaping light beams has significantly improved the
performance of applications such as optical tweezers and communications, while also driving
their usage in emerging fields like quantum cryptography [1]. Such advancements can be
attributed to the several degrees of freedom that are used to characterize an optical beam,
such as its wavelength, temporal profile, transverse spatial profile, and its polarization, which
can often be naturally extended to the quantum description of light beams. For instance, a
photon’s angular momentum, which includes spin angular momentum (SAM) and orbital angular
momentum (OAM), is one such property. SAM is attributed to a beam’s polarization, which is
associated with the vectorial nature of light, whereas OAM is related to the beam’s transverse
phase profile. Namely, beams that carry ` units of OAM are characterized by an azimuthally
dependent phase defined by an exp(i`ϕ) term in their formulation, where ϕ is the transverse
azimuthal coordinate [2]. Consequently, their wavefronts consist of ` intertwined helices. Among
the distinguishing features of OAM-carrying beams is the fact that they are orthogonal to one
another and are thus of significant interest in optical communications, where information is
encoded into a single photon’s OAM [3–6], sometimes in conjunction with another optical
degree of freedom like polarization [7, 8]. In practice, these methods aim to increase the rate
at which information can be transferred and have thus motivated the development of several
schemes that can readily acquire an optical beam’s OAM content. Much like how polarizing
beam splitters can split a beam’s orthogonally polarized components, some of these schemes
include devices that spatially separate a beam based on its OAM composition [9]. These so-called
OAM sorters have been granted a significant amount of attention as indicated by works that
have improved their efficiencies [10, 11] and their scalability [12] along with those that have
extended their applications to fields ranging from quantum communications [13] to electron
microscopy [14, 15]. OAM sorters primarily rely on the use of two confocal phase elements that
are often implemented by means of spatial light modulators (SLM) [9]. The phase added by the
latter is essentially based on a transverse modulation of the optical path length experienced by
the beam’s cross-section. Other types of phase modulating mechanisms could also be employed
for this purpose such as those that impart a geometric phase [16, 17] to a beam. Such phases
are added by means of Pancharatnam-Berry optical phase elements (PBOE), which are able to
add tailored yet opposite phases to a beam’s circularly polarized components accompanied by a
flip in their handedness [18, 19]. This process inevitably introduces a relation between a beam’s
spatial profile and its polarization, and hence constitutes a form of spin-to-orbit coupling [20],
which has been heavily investigated in the framework of quantum information [21–23].
Recently, a theoretical proposal introduced a PBOE-based OAM sorter that exploits this
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relation with the beam’s polarization as a means of additionally sorting optical SAM states [24].
Here, we report the implementation of such a generalized optical angular momentum sorter
where we employ custom-made liquid crystal devices [25] as the required PBOEs. This PBOE
sorting scheme experiences less losses and is more compact than those based on SLMs while
also being able to modulate an optical beam’s transverse phase profile based on its polarization.
We characterize our sorter by feeding it with beams carrying well-defined values of OAM and
circular polarizations. Afterwards, we verify that the sorter functions for beams consisting of
superpositions of such states, and we evaluate the device’s crosstalk. Finally, we test the device’s
performance in the single-photon regime and use it in an OAM-based quantum key distribution
(QKD) protocol.
2.

Theory

An OAM sorter’s performance primarily relies on the unwrapping of a beam’s azimuthal phase
variations into variations along a Cartesian coordinate [9]. In the case of an OAM-carrying
beam, its unwrapped form will consist of tilted wavefronts whose tilt is proportional to the
beam’s original OAM value. When made to propagate through a lens, these tilted waves will
focus at different positions, thus enabling the spatial separation of a beam based on its original
OAM content. In practice, the unwrapping crucial to this process is achieved p
by means of a
conformal mapping between Cartesian (x, y) and scaled log-polar (u = −a ln( x 2 + y 2 ), v =
a arctan(y/x)) coordinates, where a and b are scaling parameters. This transformation can be
realized by using the following confocal phase elements [26]:


p

y

 x 2 + y 2 
2πa 
 y arctan
 + x 
(1)
Unwrapper : φ1 (x, y) =
− x ln 
λf
x
b
 u
v
2πab
Corrector : φ2 (u, v) = −
exp − cos
,
(2)
λf
a
a
where λ is the wavelength of the beam and f is the focal length of the lens used to perform the
mapping. Specifically, the φ1 element performs the required unwrapping while the φ2 element
provides the final phase corrections to the beam in order to complete the mapping. These elements
will hereafter be referred to as the unwrapper and the corrector elements, respectively.
Using PBOEs as the sorter’s phase elements introduces a polarization-dependent transformation onto the beam [27]. This polarization dependence is attributed to the fact that PBOEs are
birefringent devices characterized by a spatially varying optical axis. When these are tuned to
half-wave optical retardation, the handedness of the SAM components is flipped and the beam
gains a Pancharatnam-Berry (geometric) phase due to the distribution of the device’s optical
axis [18]. More specifically, a PBOE defined by an optical axis distribution of α(x 1 , x 2 ), where
x 1 and x 2 are transverse coordinates, will add a phase of ±2α(x 1 , x 2 ) on left-right–handed
circularly polarized light, respectively, accompanied by a flip in the handedness of these circular
polarizations.
In cases where this polarization inversion occurs, a beam going through a PBOE defined by
an optical axis of α = φ1 /2 will cause any right-handed circularly polarized light to undergo a
reversed unwrapping process with respect to the conventional one experienced by left-handed
circularly polarized light, thus enabling a spatial separation between both of the unwrapped circularly polarized components. Given that the beam’s original right-handed circular polarization
now unwraps at the horizontal position u R = −u L , where u L is the conventional unwrapped
position taken by the left-handed circular polarization, the sorter’s second element must be
modified accordingly to provide the required phase corrections to both of the beam’s polarization
components [24]. Therefore, to provide a proper phase correction to the unwrapped beam [26],
u is replaced by − |u| in Eq. (2) and is multiplied by a factor of −1 to account for polarization-
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 |u | 
 
v
π
dependent effects, i.e. φ̃2 (u, v) = 2πab
λ f exp a cos a − Λ u, where the additional grating
term (π/Λ)u is added to provide further separation between both polarizations upon propagation
through the sorter’s second lens [24]. The separation of these two orthogonally polarized components enabled by the first PBOE thereby allows for a device capable of sorting optical angular
momentum eigenstates and, in turn, of handling an increased amount of information channels
that can be used in practical applications.
3.

Fabrication

Fig. 1. The geometric phase 2α (left) attributed to the unwrapper (top) and corrector (bottom)
elements; (center) the devices’ expected transmission when placed between two polarizers;
(right) the devices’ observed transmission patterns. The axes’ units are in mm.

Our sorter’s implementation relies on the use of custom-made liquid crystal devices as the
required PBOEs [25]. These devices consist of a layer of patterned 6CHBT nematic liquid
crystals confined within two indium tin oxide (ITO)-coated substrates separated by spacer-grade
silica microspheres. The substrates are additionally spin-coated with a layer of azobenzene-based
dye molecules [28, 29]. We specifically use microspheres with a diameter below 4.8 µm and the
azobenzene-based aligning material PAAD-22 provided by BEAM Co. The orientation of the
liquid crystals is determined by that of the dye molecules which are aligned by means of a photoalignment method used to reconstruct the device’s desired optical axis distribution [25,30–32]. To
fabricate the PBOEs required to perform the sorting process, we adapted such a photo-alignment
method to produce liquid crystal devices with an optical axis distribution defined by α1 = φ1 /2
and α2 = φ̃2 /2. The sorting parameters that appear in φ1 and φ̃2 were chosen to optimize the
sorter’s performance without significantly compromising the quality of the fabricated elements.
That being said, we used parameters of a = 3/(2π) mm, b = 2 µm, λ = 810 nm, f = 500 mm,
and Λ = 200 µm. These parameters can also be optimized for other wavelengths including
those that are commonly used in telecommunications. The corresponding geometric phase 2α
attributed to the element along with the device’s expected and observed appearance between two
crossed polarizers are shown in Fig. 1. The close resemblance of these patterns suggests that the
unwrapper and corrector have been fabricated with reasonable fidelity to the design.
Our devices have an efficiency of 72%. Most losses however occur due to reflections from
their cells’ glass substrates. These losses can be eliminated by means of an anti-reflection coating
to increase their efficiency to a value closer to their conversion efficiency, which can realistically
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reach values of 97% [25]. To ensure that our devices operate at the half-wave condition required
to perform the sorting process, we also soldered wires on the conductive side of their ITO
substrates. This addition allows us to apply a tuning voltage to the device which modifies the
birefringence of our device’s liquid crystals. Minor errors in the fabrication process introduced
some aberrations in the devices as later shown in experimental results. We attribute the latter to a
minor scaling error in our photo-alignment. This displaces the region where the unwrapped beam
hits the corrector element, thus preventing the completion of the conformal mapping required
to perform the sorting process. To overcome this issue, we shifted our beam’s wavelength until
its unwrapped components interacted with the regions of the corrector that enabled an optimal
phase correction while simultaneously tuning our device’s half-wave retardation to the examined
wavelength. We found that this optimal wavelength was 850 nm and thereby employed this value
in our experiments.
4.

Results

We characterized our device using the experimental setup shown in Fig. 2, which allows us to
provide several types of optical beams to the sorter. We first examined the sorter’s output when

Fig. 2. Experimental setup used to characterize the sorter. A spatial light modulator (SLM) is
used to provide a distinct phase and intensity profile to a beam coming from a 850 nm diode
laser while a set of elements composed of a polarizing beamsplitter (PBS), a half-wave plate
(λ/2), and a quarter-wave plate (λ/4) is used to provide the beam with a specific polarization.
The beam then goes through the sorter which consists of the unwrapper PBOE, a lens, the
corrector PBOE, and another lens. The sorter’s output is then examined with a CCD camera.

fed with circularly polarized beams carrying well-defined OAM values and compared it with
simulated outputs obtained using the split-step beam propagation method [33]. Such beams will
hereafter be referred to as optical angular momentum eigenstates. The intensity profile of the
sorted beams are shown in Fig. 3(a). We can observe that the sorted orders attributed to leftand right-handed circularly polarized light are clearly distinguishable from one another while
simultaneously exhibiting good separation between the conventional OAM orders attributed to
the confocal phase elements. Moreover, we also note that the transverse positions of the righthanded circular OAM orders are inverted with respect to those of the left-handed circular ones,
thus verifying that these two polarizations do indeed acquire opposite phases as they propagate
through the sorter. Minor effects attributed to the device’s aberrations are also noticeable most
notably by the lower definition of the experimental sorted orders when compared with the
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simulated output of an ideal sorter shown in Fig. 3(b). This lower definition is also observed
in Fig. 3(c) where we show the simulated profile of a beam going through an aberrated sorter.
The latter namely consists of elements with phase patterns compressed by a factor of 4% which
accounts for the scaling errors in the device’s fabrication. Nevertheless, the lower order modes
depicted in Fig. 3(a) are sufficiently distinct for practical applications as further demonstrated.

Fig. 3. Relative intensity profiles of the sorter’s output when fed with circularly polarized
beams defined by OAM values ranging from ` = −2 to ` = 2. (a) Measured output of
the fabricated sorter. (b) Simulated output of a perfect sorter. (c) Simulated output of an
aberrated sorter. Left-handed circular polarizations appear at the bottom of the plots while
right-handed circular polarizations appear at the top.

Following this first calibration process, we tested our sorter’s performance for beams consisting
of a superposition of angular momentum eigenstates. Such a superposition can consist of a
circularly polarized beam in a superposition of OAM states, an OAM state in a superposition
of polarization states (i.e. a non-circularly polarized beam) or a combination of the two. We
demonstrate these three cases in Fig. 4, where we can observe the sorter’s performance for all
types of superpositions. Once again, we show our experimental results, the simulated output of
the ideal sorter, and the simulated output of the aberrated sorter in Fig. 4(a)-(c), respectively.
The device’s limitations at higher absolute OAM values is clearly observed in the far-right
column of Fig. 4, where we provide the sorted orders for the case of linearly polarized light in a
superposition of ` = +2 and ` = −2 states. The line appearing between the two orders of the
far-right column of Fig. 4(a),(c) clearly indicates the less-defined nature of higher order modes
which start to spread out over transverse positions attributed to other modes, e.g. the ` = 0 mode
in this case.
In order to further examine the effects related to the overlap of the sorted orders, we evaluated
the crosstalk between the modes shown in Fig. 3. To do so, we assigned an elliptically shaped
channel to each mode based on the data shown in Fig. 3 and computed the relative intensity of
each mode in these channels. These relative intensities can be found in Fig. 5. Our experimental
results shown in Fig. 5(a) indicate that 72% of the intensity of a given angular momentum state
is found in its respective channel which is comparable to the simulated value of 75% for an
aberrated sorter based on the data shown in Fig. 5(c). Both of these quantities are lower than
the optimal values of 89% attributed to a perfect sorter whose results are displayed in Fig. 5(b).
When adapted to the sorting parameters of previously implemented sorters, this optimal value
agrees with those obtained from simulations in earlier works [9]. Though the fact that we are
using different sorting parameters prevents us from directly comparing our device’s experimental
crosstalk with those of other OAM sorters, we do observe that the latter have a similar difference
between numerical and experimental crosstalk values [9]. This similarity thereby establishes
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Fig. 4. Relative intensity profiles of the sorter’s output when fed with a selection of superpositions of beams consisting of different circular polarizations and OAM values ranging
from ` = −2 to ` = 2 for (a) experimental results, (b) simulated results attributed to a
perfect sorter, and (c) simulated results attributed to an aberrated sorter. Here eL and eR
correspond to the
√ left- and right-handed circular polarization vectors, respectively, and
eH = (eL + eR )/ 2 is the horizontal polarization vector.

that our sorter’s performance is experimentally comparable to that of its OAM counterpart. For
practical purposes however, this percentage can be slightly raised, at the expense of decreasing
the device’s efficiency, by reducing the size of the channels attributed to each OAM value.

Fig. 5. Relative intensities of angular momentum states found in each angular momentum
channel for (a) experimental results, (b) simulated optimal results, and (c) simulated results
for an aberrated sorter. We considered states defined by left- and right-handed circular
polarizations and by OAM states ranging from ` = −2 to ` = 2.

As mentioned earlier, one of the most attractive features of optical angular momentum states
is their natural extension to the quantum nature of light which makes them of interest in quantum
communications. Given that our device preserves coherence [21], we examined its performance
in the single photon regime for photons in optical angular momentum eigenstates |π, `i where π
and ` are states defining the photon’s polarization and OAM, respectively. This was achieved
by using a pair of down-converted photons generated through spontaneous parametric downconversion by pumping a ppKTP crystal with 405 nm UV light. The first of the two was sent
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through the sorter and later detected by an ICCD camera which was triggered by the second
photon. The resulting images are shown in Fig. 6 along with their classical counterparts. We can
observe a good agreement between the images taken in the classical and quantum regimes, thus
verifying our device’s performance at the single photon level.

Fig. 6. The sorter’s output when fed with single photons in angular momentum eigenstates.
The images were taken using a triggered ICCD camera. The images are grouped with their
classical counterparts which correspond to ones taken with a regular CCD camera with
coherent light going through the sorter.

Now that we have established that our sorter exhibits a satisfactory level of crosstalk along
with a good performance with single photons, we proceed by demonstrating how our device can
be employed in a practical application. More specifically, we test our sorter for high-dimensional
quantum cryptography given the extensive body of works exploring the use of OAM sorters in
this field [11,13]. In particular, we perform a high-dimensional extension of the seminal quantum
key distribution BB84 protocol [34], the former of which has been recognized to securely transmit
an increased amount of information. In the first place, for the case of an error-free quantum
channel, Alice, the sender, may send a total of log2 (d) bits of information per photon, where d is
the dimensionality of the protocol, to Bob, the receiver, hence increasing the overall secure key
rate. Moreover, it is well-known that QKD protocols may be performed only up to a certain error
threshold. In the case of the standard 2-dimensional BB84, this error threshold is given by 11.0%,
where no secret shared key may be established beyond this level of error. However, by increasing
the dimensionality of the BB84 protocol, this error threshold may be increased, e.g. in the case
of d = 10 the error threshold is given by 26.2% [35]. Therefore, higher-dimensional QKD
extensions are much more robust to noise and device imperfections. Most of the works on highdimensional QKD revolve around an OAM based QKD protocol where the employed mutually
unbiased bases consist of quantum states that can be spatially separated using a sorter. This sorter,
however, is differently configured to perform measurements in each of these bases. That being
said, the first basis used in this scheme usually consists of the OAM basis whose states can be
readily measured using the conventional sorter configuration depicted in Fig. 2. The states |`i of
this basis usually range from OAM values of ` = −N to ` = N, and hence the dimensionality
of d = 2N + 1. The second basis corresponds to the so-called angular basis whose states can
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be expressed in terms of the OAM basis as |niang = d −1/2 `=−
N exp (i 2πn`/d) |`i [11, 13],
where n is an integer between −N and N. In addition to being mutually unbiased with respect to
OAM modes, angular modes are defined by distinct angular shaped intensity profiles that nearly
do not overlap with one another. Therefore, because they are already spatially separated, they
consist of the perfect complementary basis for performing QKD with OAM-carrying beams.
Though a measurement in the angular basis could in principle be performed on the beam without
manipulating it, such a measurement is often configured by using the unfocused output of the
sorter which essentially consists of the unwrapped beam where the angular modes occupy distinct
transverse positions as opposed to angular ones. Such a configuration is usually employed in
order to enable the use of secondary methods aiming to reduce the crosstalk between these
unwrapped modes. With these factors in consideration, a BB84 QKD protocol relying on these
two mutually unbiased bases consists of Alice randomly generating states belonging to these two
bases and sending them to Bob that randomly performs a measurement in either of these bases
using his two different sorter configurations. Using our sorter, we expand on this scheme by using

Fig. 7. Summary of the QKD demonstration conducted with our generalized angular momentum sorter. Top left: Mutually unbiased bases ψ and φ used in this demonstration where
states attributed to spatial modes are depicted as their transverse phase profile in hue colours
masked by their intensity profile. Bottom left: setups used by Alice and Bob in this QKD
scheme. Alice’s state preparation setup randomly generates a state either in the ψ or φ basis
using an SLM, a quarter-wave plate (λ/4), a half-wave plate (λ/2), and a PBS. The single
photons that she uses come from a down converted 405 nm source consisting of a pair of 850
nm and 775 nm photons. The latter are separated using a dichroic mirror (DM) thus enabling
the use of the 850 nm photon as the signal photon and the 775 nm one as the idler photon.
Bob then randomly performs a measurement in either the ψ or φ basis using two different
sorter configurations and an ICCD camera that is triggered by the idler photon using a
detector (D). Right: Probability-of-detection matrix of our QKD scheme. Figure legend:
ppKTP = periodically-poled KTP crystal, LP=long-pass filter, U=unwrapper, C=corrector.

a single photon’s polarization to increase the size of these mutually unbiased bases by a factor of
two. Namely, the OAM basis {|−Ni , , |Ni} is now extended to the generalized optical angular
momentum basis ψ = {|Li , |Ri} ⊗ {|−Ni , , |Ni}, where |Li and |Ri respectively correspond
to left- and right-handed circularly polarized states, and now consists of the optical angular
momentum eigenstates that have been discussed in this work. As in the case of our classical
measurements, single photon measurements in the optical angular momentum basis can be carried
out using the sorter configuration depicted in Fig. 2. As for the complementary basis, we chose
φ = {|Hi , |V i} ⊗ {|−Niang , , |Niang }, which corresponds to the product of the angular basis
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{|−Niang , , |Niang } with the polarization basis consisting of horizontally |Hi and vertically |V i
polarized states, both of which are unbiased with respect to their angular momentum counterparts.
To perform a measurement in this basis, we first make our single photons go through a quarterwave plate in order to map horizontally and vertically polarized states to left- and right-handed
polarized ones. After this, the photons go through a region of the unwrapper element that is
far from its centre and that closely resembles a grating. This process enables the separation
of angular modes in the {|Hi , |V i} basis, and thus a measurement in the complementary φ
basis given that angular modes inherently exhibit good spatial separation. A summary of this
scheme along with experimental results are shown in Fig. 7, where we conducted such a protocol
defined by a N = 2 parameter, thus enabling 10-dimensional quantum key distribution. In a
d-dimensional BB84 protocol, the secret key rate is given by R = log2 (d) − 2h (d) (eb ), where
h (d) (x) := −x log2 (x/(d − 1)) − (1 − x) log2 (1 − x) is the d-dimensional Shannon entropy.
Here, we obtained a quantum bit error rate of eb = 21.2%, corresponding to a secret key rate of
R = 0.49 bits/photon. These values are directly limited by our device’s crosstalk, which, as we
mentioned above, is significantly increased by its aberrations. Nonetheless, because our sorter
allows for polarization sorting, it allows for the execution of a QKD protocol in a dimension twice
as great as that of a solely OAM based protocol. The ability to increase this dimension lowers
the threshold on the quantum bit error rate needed to securely perform QKD, thus enabling the
use of lower-quality sorters for this purpose. Improving the quality of this angular momentum
sorter to that of its current OAM counterparts would also considerably enhance the performance
of this QKD protocol to a level above those that solely rely on OAM. Namely, a device with a
lower crosstalk would increase the quantum bit error rate which, in conjunction with a higher
dimension, would also increase the protocol’s secret key rate.
5.

Conclusion

In conclusion, we fabricated the first device able to sort both orbital and spin optical angular
momentum eigenstates using liquid crystal based PBOEs. The device’s performance was first
tested by feeding it with various circularly polarized beams with well-defined OAM values.
We then verified that it could process beams in superpositions of optical angular momentum
eigenstates into their respective sorted orders. We later calculated the crosstalk of our sorter’s
output and found that about 72% of a mode was confined within its assigned channel. Finally, we
verified that our device could operate with single photons and exploited this feature to use it in a
10-dimensional BB84 QKD scheme. The performance of the latter, along with that of several
other sorter-based applications, could be further improved by reducing the device’s crosstalk.
To achieve such a purpose, aberrations in the device must first be removed by improving its
fabrication process. For instance, improvements could be made on the uniformity of the layers of
materials coated on the device’s glass substrate and on the uniformity of the cavity enclosing the
liquid crystals. Likewise, more refined photo-alignment methods could also be beneficial [36].
Though this would significantly improve the sorter’s quality, additional methods could also be
employed to further reduce the device’s crosstalk such as those that rely on the use of fan-out
elements [10, 11, 37, 38]. These can be added after the sorter’s output or even be integrated within
the PBOEs themselves. In comparison to other current OAM sorting devices, our system has
both drawbacks and advantages. For example, the polarization-dependent nature of our phase
elements prevents us from directly scaling down our scheme significantly. By comparison, a
device akin to that presented in [12] with the addition of a polarization-dependent beam displacer
would consist of a compactly configured three-element device that imparts less aberrations on
the sorted beam.
The system presented here is a clear demonstration of simultaneous OAM and polarization
sorting. Using state-of-the-art methods to produce high-quality liquid crystal elements [29,39–42]
would increase the performance of our sorter to be on par with existing designs. With the
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elimination of these technical limitations, our sorter benefits from several advantages. For
instance, given that our PBOEs have a tunable half-wave condition and that our sorter’s lenses
are not integrated directly in the unwrapper and corrector elements, our sorting scheme can easily
be adapted to other wavelengths. As implied by Eqs. (1, 2) this adaptation is feasible provided
that λ f maintains the same value as that of the sorter’s original configuration. Moreover, both
of our sorter’s optical components, namely PBOEs and lenses, can be scaled down to ultra
thin elements [43, 44]. Finally, the fact that our sorter relies on geometric phases makes it
advantageous in applications that rely on similar processes. In particular, communications
schemes employing vector vortex beams [45, 46] would benefit from our sorter given that
these beams consist of a superposition of two components opposite in both OAM and circular
polarization. Our device’s antisymmetric sorting process would enable the sorting of vector
vortex beams along adjacent positions and thereby simplify the analysis of the beam’s vector
vortex content. Such extensions to our methods would significantly improve the sorter’s channel
capacity and thereby its performance in applications such as classical super-dense coding and
quantum communications.
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